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Introduction
Our description of the laws of Nature, from the point of view of fundamental physics, is
tightly connected with the concept of symmetry. In fact, symmetries play a crucial role in our
understanding of the fundamental interactions, and the Standard Model of the elementary
particles (SM), which provides the best phenomenological description of the subatomic world,
is entirely built around the two fundamental principles of Lorentz and of gauge symmetries,
formulated according to a well established quantum field theory (QFT) language.
The gauge structure of the SM has been tested, by now, for almost half a century with an
incredible success and it is expected that additional gauge simmetries will likely emerge, as
the experimental search moves towards even higher energy. This search may not be quick and
simple, rather it will require an extraordinary effort and several years to be formulated in a
consistent framework, as shown by the enormous scientific effort which has already gone into
the construction of the LHC and of the experimental detectors.
Given the daisy chain of successes built around the gauge principle, it is therefore obvious
that, at theoretical level, the study of possible symmetric extensions of this model has to
engage with the study of realistic patterns of their breakings and of their restorations.
The recent validation of the Higgs mechanism for the generation of the mass of the particles of
the SM, indicates that we should anchor our experimental efforts to the banks of this principle,
keeping however an open view about possible unexpected events which may appear along the
way. More exotic scenarios, with the appearence of new symmetries, unrelated to the gauge
structure, such as the conformal symmetry, remain an open possibility and will be central to
this work.
Theorists are still allowed wide options for molding new scenarios, since there are several
and important features of the current phenomenology which find no answer within the SM.
Such are the gauge hierarchy problem or the unsolved question of the origin of the masses of
the light neutrinos, not to mention the issue of triviality for fundamental scalars at high en-
ergy. At this time, we still do not have definitive results about the structure of the scalar field
which appears in the Higgs mechanism, for instance regarding its fundamental or composite
nature. Likewise we also cannot exclude that a new symmetry may be playing an important
role in it. These considerations provide the leitmotif for the first part of this thesis work,
which collects five studies of specific extensions of the SM dealing with direct analysis of the
scalar sector of gauge theories. This part is organised as follows.
The first two chapters, one of theoretical and the the other of phenomenological nature,
address the role of a dilaton and of conformal symmetries together with their breaking, at
phenomenological level. A dilaton is a state that appears as a signature of the breaking of
a conformal symmetry, and the approximate scale invariance of the SM as we run towards
the UV, where one could reach a scale of symmetry restoration, gives realistic motivations for
such analysis.
In particular, the issue whether a dilaton can be fundamental or composite remains quite
open. These two chapters both address this specific topic though in two different contexts,
the first one supersymmetric, where fundamental open questions about the nature of this
6
7state are addressed, and the other non supersymmetric and phenomenological.
A dilaton is the Nambu-Goldstone mode which results from the breaking of conformal symme-
try and couples to the trace anomaly of the SM. We just recall that the anomalous breaking
of the conformal symmetry, as for a chiral symmetry, is characterised by the appearance of an
intermediate state which interpolates between the anomalous current and the other (vector)
currents of a trilinear correlator. As we show in chapter 2, the interaction of a dilaton with
the anomaly provides a significant enhancement of the production rates of massless vector
states in a typical trilinear vertex where this particle is involved.
Similarly, in the chiral case it is well known that such an anomalous interaction is responsible
for the enhancement of the decay of the pion into two photons, and one wonders whether this
enhancement could be true on a more general basis, and valid for all the anomalous vertices.
Chapter 1 gives an affirmative answer to this question, showing the presence of a theoretical
link between chiral and conformal anomaly interactions on a very rigorous basis and by a
direct perturbative analysis. This test, as we are going to show, can be directly performed in
the case of a superconformal theory, which also provides the natural framework for addressing
this point, thanks to the appearance of a superconformal anomaly multiplet. Here trace and
chiral anomalies appear in a similar way.
We show that there is a complete analogy between the chiral and the conformal cases. In par-
ticular we prove that the origin of either a chiral or a conformal anomaly is in the emergence
of effective scalar or pseudoscalar degrees of freedom in the corresponding effective action.
This interpretation is supported by the identification of a sum rule - which is completely fixed
by the anomaly - for all the components of a supersymmetric multiplet and by the appearance
of what we call a ”spectral density flow” as we reach the conformal limit. We show, using a
mass deformation of the superconformal theory, that the form factors responsible for the gen-
eration of the anomalies exhibit the same spectral density, with a branch cut that turns into
a pole as the mass deformation parameter is removed. In other words, the flow generates a
sequence of spectral functions which become a delta function in the conformal limit, signalling
the exchange of a massless state in the intermediate channel. The intermediate exchange of
scalar or pseudoscalar states, identified as an axion, a dilaton and a dilatino, as mediator of
either chiral or conformal anomalies, is therefore firmly proved.
The study of dilaton interactions is furtherly discussed in Chapter 2, where we investigate
the current limits on the possible discovery of a conformal scale at the LHC. An in depth
phenomenological analysis of the possible channels mediated by an intermediate dilatons is
presented, showing that such a scale is currently constrained by a lower bound of 5 TeV,
which is not stringent enough to exclude it all together from the future experimental analysis
at ATLAS and CMS.
In Chapters 3 and 4 we move to an analysis of a supersymmetric model with an extended
Higgs sector, the TNMSSM, which is a scale invariant scalar theory with a Higgs superfield in
a triplet representation of weak SU(2). The model represents a significant departure respect
to the NMSSM, manifesting a wider scalar spectrum which we have investigated in great de-
tail. The inclusion of Higgs scalars belonging to higher representation of the gauge structure
remains an open possibility of considerable theoretical and experimental interests, which the
current and future analysis at the LHC have to confront. The presence of a light pseudoscalar
in its spectrum is for sure one of its most significant features, which has been addressed in
Chapter 4. The identification of the relevant region of parameter space of this model which
is currently allowed at the LHC has been investigated by comparing the signal with direct
simulations of the background.
Part 2 of this thesis can be read independently and presents an application of correlators which
are affected by a conformal anomaly in a gravitational context. The same TV V correlator
(with T-denoting the stress-energy tensor of a gauge theory and V the vector current) which
8is studied in chapters 1 and 2, is used in the analysis of semiclassical lensing in gravity. As
typical in the course of a theoretical analysis, fundamental results in a certain area may be
quickly applied to other areas which seem to be apparently unrelated. Conformal anomalies
are indeed fundamental, and the propagation of a photon in a curved gravitational background
is affected by the same anomaly which shows up in the interaction of a dilaton at the LHC
via its coupling to two photons. We just recall that the coupling of the SM to gravity occurs
via the energy momentum tensor of the theory and that the dilatation current JD of a given
theory has a divergence which is given by the trace of the same tensor. It is therefore not a
big surprise that the TVV correlator can be used to describe the propagation of photons and
neutrinos in gravitational backgrounds. This analysis hinges on a previous study in which it
has been shown that the anomaly form factor of the TV V vertex in the SM, where V is the
electromagnetic current, induces a small change in Einstein’s formula for the deflection, which
has been quantified. In this final chapter we develop a complete formulation of these radiative
effects in the interaction of photons and neutrinos in a gravitational background extending
the formalism of gravitational lensing to the semiclassical case.
Part I
Theoretical and Phenomenological
Aspects of a Superconformal theory
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Chapter 1
The Superconformal anomaly
multiplet in an N = 1 theory
1.1 Synopsis
In this chapter we investigate a supersymmetric Yang-Mills theory in its superconformal phase
and its corresponding anomalies. We show that there is a unifying feature of the chiral and
conformal anomalies appearing in correlators involving the the Ferrara-Zumino supercurrent
and two vectors supercurrent. These are characterised by the presence of massless anomaly
poles in their related anomaly form factors. The states associated to these massless poles
are interpreted as a dynamical realization of a scalar (dilaton), a pseudoscalar (an axion)
and a fermion (dilatino) interpolating between such a current and the two vector currents of
the anomaly vertex. The appearance of a dilaton in a scale invariant theory is connected to
the breaking of a conformal symmetry, a fact that can be simply illustrated with a realistic
example.
A dilaton may appear in the spectrum of different extensions of the Standard Model not only
as a result of the compactification of extra spacetime dimensions, but also as an effective state,
related to the breaking of a dilatation symmetry. The Standard Model is not a scale-invariant
theory, but can be such in its defining classical Lagrangian if we slightly modify the scalar
potential with the introduction of a dynamical field Σ. This extension allows to restore this
symmetry, which must be broken at a certain scale, where Σ acquires a vacuum expectation
value. This task is accomplished by the replacement of every dimensionfull parameter m
of the defining Lagrangian according to the prescription m → mΣΛ , where Λ is the classical
conformal breaking scale. Establishing the size of this scale is a fundamental issue which may
require considerable effort at phenomenological level.
In the case of the SM, classical scale invariance can be easily restored by the simple change
in the scalar potential briefly described above. This is defined modulo a constant, therefore
we may consider, for instance, two equivalent choices
V1(H,H
†) = −µ2H†H + λ(H†H)2 = λ
(
H†H − µ
2
2λ
)2
− µ
4
4λ
V2(H,H
†) = λ
(
H†H − µ
2
2λ
)2
(1.1)
10
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which generate two different scale-invariant extensions
V1(H,H
†,Σ) = −µ
2Σ2
Λ2
H†H + λ(H†H)2
V2(H,H
†,Σ) = λ
(
H†H − µ
2Σ2
2λΛ2
)2
, (1.2)
where H is the Higgs doublet, λ is its dimensionless coupling constant, while µ has the dimen-
sion of a mass and, therefore, is the only term involved in the scale invariant extension.The
invariance of the potential under the addition of constant terms, typical of any Lagrangian, is
lifted once we require the presence of a dilatation symmetry. One can immediately check that
only the second choice (V2) guarantees the existence of a stable ground state with a sponta-
neously broken phase. In V2 we parameterize the Higgs, as usual, around the electroweak vev
v and indicate with Λ the vev of the dilaton field Σ = Λ + ρ, setting all the Goldstone modes
generated in the breaking of the gauge symmetry to zero, as customary in the unitary gauge.
The potential V2 has a massless mode due to the existence of a flat direction. Performing a
diagonalization of the mass matrix we define the two mass eigenstates ρ0 and h0, which are
given by (
ρ0
h0
)
=
(
cosα sinα
− sinα cosα
)(
ρ
h
)
(1.3)
with
cosα =
1√
1 + v2/Λ2
sinα =
1√
1 + Λ2/v2
. (1.4)
We denote with ρ0 the massless dilaton generated by this potential, while h0 will describe a
massive scalar, interpreted as a new Higgs field, whose mass is given by
m2h0 = 2λv
2
(
1 +
v2
Λ2
)
with v2 =
µ2
λ
, (1.5)
and with m2h = 2λv
2 being the mass of the Standard Model Higgs. The Higgs mass, in this
case, is corrected by the new scale of the spontaneous breaking of the dilatation symmetry
(Λ), which remains a free parameter.
The vacuum degeneracy of the scale-invariant model can be lifted by the introduction of
extra (explicit breaking) terms which give a small mass to the dilaton field. To remove such
degeneracy, one can introduce, for instance, the term
Lbreak =
1
2
m2ρρ
2 +
1
3!
m2ρ
ρ3
Λ
+ . . . , (1.6)
where mρ represents the dilaton mass.
It is clear that in this approach the coupling of the dilaton to the anomaly has to be added
by hand. The obvious question to address, at this point, is if one can identify in the effective
action of the Standard Model an effective state which may interpolate between the dilatation
current of the same model and the final state with two neutral currents, for example with
two photons. Such a state can be identified in ordinary perturbation theory in the form of an
anomaly pole. We are entitled to interpret this scalar exchange as a composite state whose
interactions with the rest of the Standard Model are defined by the conditions of scale and
gauge invariance.
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1.1.1 Dilaton coupling to the anomaly
We will show rigorously, in the supersymmetric case, that this state couples to the conformal
anomaly by a direct analysis of the JDV V correlator, in the form of an anomaly pole, with JD
and V being the dilatation and the vector currents respectively. The correlator is extracted
from the more general supersymmetric 3-point function involving the FZ current and two
vector supercurrents, as already mentioned in the introduction.
Poles in a correlation function are usually there to indicate that a specific state can be
created by a field operator in the Lagrangian of the theory, or, alternatively, as a composite
particle of the same elementary fields. Obviously, a perturbative hint of the existence of such
intermediate state does not correspond to a complete description of the state, in the same
way as the discovery of an anomaly pole in the AV V correlator of QCD (with A being the
axial current) is not equivalent to a proof of the existence of the pion. Nevertheless, massless
poles extracted from the perturbative effective action do not appear for no reasons, and this
should be sufficient to justify a more complete analysis of the 1-loop effective action of classical
conformal theories.
Originally, the appearance of classical scalar degrees of freedom in the context of gravitational
interactions has been pointed out starting from several analysis of the TV V vertex, where T
stands for the energy momentum tensor of a given theory and V denotes the vector current
[5, 6]. Subsequently it has been shown that the same pole is inherited by the dilatation
current, in the JDV V vertex, being the two vertices very closely related. We recall that the
dilatation current can be defined as
JµD(z) = zνT
µν(z) with ∂ · JD = Tµµ. (1.7)
The Tµν has to be symmetric and on-shell traceless for a classical scale-invariant theory,
and includes, at quantum level, the contribution from the trace anomaly together with the
additional terms describing the explicit breaking of the dilatation symmetry. The contribution
of the conformal anomaly, in flat space, is summarised by the equation
Tµµ = βFαβF
αβ (1.8)
which holds for a classical scale invariant theory (i.e. with Tµµ = 0), with the right hand side
of (1.8) related to the β function (β) of the gauge theory and to Fµν , the field strength of the
vector particle (V). A similar equation holds in the case of chiral anomaly
∂ρj
ρ
5 = anFF˜ (1.9)
for the chiral anomaly, with jρ5 denoting the axial vector current, and with F˜ = 1/2
µναβFαβ
being the dual of the field strength of the gauge field. We recall that the U(1)A current
is characterized by an anomaly pole which describes the interaction between the Nambu-
Goldstone mode, generated by the breaking of the chiral symmetry, and the gauge currents.
In momentum space this corresponds to the nonlocal vertex
V λµνanom(k, p, q) =
kλ
k2
µναβpαqβ + ... (1.10)
with k being the momentum of the axial-vector current and p and q the momenta of the two
photons. In the equation above, the ellipsis refer to terms which are suppressed at large energy.
In this regime, this allows to distinguish the operator accounting for the chiral anomaly (i.e.
−1 in coordinate space) from the contributions due to mass corrections. Polology arguments
can be used to relate the appearance of such a pole to the pion state around the scale of chiral
symmetry breaking. We refer to [5] and [6, 7] for more details concerning the analysis of ths
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correlator in the QED and QCD cases, while the discussion of the JDV V vertex can be found
in [8]. Using the relation between JµD and the EMT T
µν we introduce the JDV V correlator
ΓµαβD (k, p) ≡
∫
d4z d4x e−ik·z+ip·x
〈
JµD(z)V
α(x)V β(0)
〉
(1.11)
which can be related to the TV V correlator
Γµναβ(k, p) ≡
∫
d4z d4x e−ik·z+ip·x
〈
Tµν(z)V α(x)V β(0)
〉
(1.12)
according to
ΓµαβD (k, p) = i
∂
∂kν
Γµναβ(k, p) . (1.13)
As we have already mentioned, this equation allows us to identify a pole term in the JDV V
diagram from the corresponding pole structure in the TV V vertex. The analysis presented be-
low shows that supersymmetry provides the natural framework where this pole-like behaviour
is reproduced both in the chiral and the conformal anomaly parts of the superconformal
anomaly vertex.
1.2 Spectral analysis of supersymmetric correlators
Dilaton fields are expected to play a very important role in the dynamics of the early universe
and are present in almost any model which attempts to unify gravity with the ordinary gauge
interactions (see for instance [9]). Important examples of these constructions are effective
field theories derived from strings, describing their massless spectra, but also theories of
gravity compactified on extra dimensional spaces, where the dilaton (graviscalar) emerges in
4 spacetime dimensions from the extra components of the higher dimensional metric (see for
instance [10, 11, 12, 13, 14]). In these formulations, due to the geometrical origin of these
fields, the dilaton is, in general, a fundamental (i.e. not a composite) field. Other extensions,
also of significant interest, in which a fundamental dilaton induces a gauge connection for the
abelian Weyl symmetry in a curved spacetime, have been considered (see the discussion in
[15, 16, 17]). However, also in this case, the link of this fundamental particle to gravity renders
it a crucial player in the physics of the early universe, and not a particle to be searched for
at colliders. In fact, its interaction with ordinary matter should be suppressed by the Planck
scale, except if one entails scenarios with large extra dimensions.
More recently, following an independent route, several extensions of the Standard Model
with an effective dilaton have been considered. They conjecture the existence of a scale-
invariant extension of the Higgs sector [18, 8, 19]. In this case the breaking of the underlying
conformal dynamics, in combination with the spontaneous breaking of the electroweak sym-
metry [17], suggests, in fact, that the dilaton could emerge as a composite field, appearing as
a Nambu-Goldstone mode of the broken conformal symmetry. A massless dilaton of this type
could acquire a mass by some explicit potential and could mix with the Higgs of the Standard
Model.
By reasoning in terms of the conformal symmetry of the Standard Model, which should play a
role at high energy, the dilaton would be the physical manifestation of the trace anomaly in the
Standard Model, in analogy to the pion, which is interpolated by the U(1)A chiral current and
the corresponding 〈AV V 〉 (axial-vector/vector/vector) interaction in QCD. As in the 〈AV V 〉
case, this composite state should be identified with the anomaly pole of the related anomaly
correlator (the 〈TV V 〉 diagram, with T the energy momentum tensor (EMT)), at least at the
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level of the 1-particle irreducible (1PI) anomaly effective action [?]. Considerations of this
nature brings us to the conclusion that the effective massless Nambu Goldstone (NG) modes
which should appear as a result of the existence of global anomalies, should be looked for in
specific perturbative form factors under special kinematical limits. For this reason they are
easier to investigate in the on-shell anomaly effective action, with a single mass parameter
which drives the conformal/superconformal deformation. This action has the advantage of
being gauge invariant and easier to compute than its off-shell relative.
To exploit at a full scale the analogy between chiral and conformal anomalies, one should
turn to supersymmetry, where the correlation between poles and anomalies should be more
direct. In fact, in an ordinary quantum field theory, the 〈TV V 〉 diagram (and the correspond-
ing anomaly action) is characterized, as we are going to show, by pole structures both in those
form factors which multiply tensors that contribute to the trace anomaly and in those which
don’t. For this reason we turn our attention to the effective action of the superconformal
(the Ferrara-Zumino, FZ) multiplet, where chiral and conformal anomalies share similar sig-
natures, being part of the same multiplet. Therefore one would expect that supersymmetry
should help in clarifying the significance of these singularites in the effective action.
We are going to prove rigorously in perturbation theory that the anomaly of the FZ multiplet
is associated with the exchange of three composite states in the 1PI superconformal anomaly
action. These have been discussed in the past, in the context of the spontaneous breaking
of the superconformal symmetry [20]. They are identified with the anomaly poles present in
the effective action, extracted from a supersymmetric correlator containing the superconfor-
mal hypercurrent and two vector currents, and correspond to the dilaton, the dilatino and
the axion. This exchange is identified by a direct analysis of the anomalous correlators in
perturbation theory or by the study of the flow of their spectral densities under massive de-
formations. The flow describes a 1-parameter family of spectral densities - one family for each
component of the correlator - which satisfy mass independent sum rules, and are, therefore,
independent of the superpotential. This behaviour turns a dispersive cut of the spectral den-
sity ρ(s,m2) into a pole (i.e. a δ(s) contribution) as the deformation parameter m goes to
zero. Moreover, denoting with k2 the momentum square of the anomaly vertex, each of the
spectral densities induces on the corresponding form factor a 1/k2 behaviour also at large k2,
as a consequence of the sum rule.
We also recall that the partnership between dilatons and axions is not new in the context of
anomalies, and it has been studied in the past - for abelian gauge anomalies - in the case of
the supersymmetric Stu¨ckelberg multiplet [21, 22, 23, 24].
The three states associated to the three anomaly poles mentioned above, are described
- in the perturbative picture - by the exchange of two collinear particles. These are a
fermion/antifermion pair in the axion case, a fermion/antifermion pair and a pair of scalar
particles in the dilaton case, and a collinear scalar/fermion pair for the dilatino. The Konishi
current will be shown to follow an identical pattern and allows the identification of extra
states, one for each fermion flavour present in the theory.
This pattern appears to be general in the context of anomalies, and unique in the case of
supersymmetry. In fact, we are going to show that in a supersymmetric theory anomaly cor-
relators have a single pole in each component of the anomaly multiplet, a single spectral flow
and a single sum rule, proving the existence of a one-to-one correspondence between anomalies
and poles in these correlators.
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1.3 Theoretical framework
In this section we review the definition and some basic properties of the Ferrara-Zumino
supercurrent multiplet, which from now on we will denote also as the hypercurrent, in order
to distinguish it from its fermionic component, usually called the supercurrent.
We consider a N = 1 supersymmetric Yang-Mills theory with a chiral supermultiplet in the
matter sector. In the superfield formalism the action is given by
S =
(
1
16g2T (R)
∫
d4x d2θTrW 2 + h.c.
)
+
∫
d4x d4θ Φ¯eV Φ +
(∫
d4x d2θW(Φ) + h.c.
)
(1.14)
where the supersymmetric field strength WA and gauge vector field V are contracted with
the hermitian generators T a of the gauge group to which the chiral superfield Φ belongs. In
particular
V = 2gV aT a , and WA = 2gW
a
AT
a = −1
4
D¯2e−VDA eV , (1.15)
with TrT aT b = T (R)δab.
In order to clarify our conventions we give the component expansion of the chiral superfield
Φ
Φi = φi +
√
2θχi + θ
2Fi , (1.16)
and of the superfields W aA and V
a in the Wess-Zumino gauge
W aA = λ
a
A + θAD
a − (σµνθ)AF aµν + iθ2 σµAB˙Dµλ¯
a B˙ , (1.17)
V a = θσµθ¯Aaµ + θ
2θ¯λ¯a + θ¯2θλa +
1
2
θ2θ¯2 (Da + i∂µA
aµ) , (1.18)
where φi is a complex scalar and χi its superpartner, a left-handed Weyl fermion, A
a
µ and λ
a are
the gauge vector field and the gaugino respectively, F aµν is the gauge field strength while Fi and
Da correspond to the F - and D-terms. Moreover, we have defined σµν = (i/4)(σµσ¯ν −σν σ¯µ).
Using the component expansions introduced in Eq.(1.16) and (1.17) we obtain the supersym-
metric lagrangian in the component formalism, which we report for convenience
L = −1
4
F aµνF
aµν + iλaσµDabµ λ¯
b + (Dµijφj)
†(Dik µφk) + iχjσµD
µ †
ij χ¯i
−
√
2g
(
λ¯aχ¯iT
a
ijφj + φ
†
iT
a
ijλ
aχj
)
− V (φ, φ†)− 1
2
(χiχjWij(φ) + h.c.) , (1.19)
where the gauge covariant derivatives on the matter fields and on the gaugino are defined
respectively as
D
µ
ij = δij∂
µ + igAaµT aij , D
ac
µ = δ
ac∂µ − g tabcAbµ , (1.20)
with tabc the structure constants of the adjoint representation, and the scalar potential is
given by
V (φ, φ†) = W†i (φ
†)Wi(φ) +
1
2
g2
(
φ†iT
a
ijφj
)2
. (1.21)
For the derivatives of the superpotential we have been used the following definitions
Wi(φ) =
∂W(Φ)
∂Φi
∣∣∣∣ , Wij(φ) = ∂2W(Φ)∂Φi∂Φj
∣∣∣∣ , (1.22)
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where the symbol | on the right indicates that the quantity is evaluated at θ = θ¯ = 0.
Notice that in the above equations the F - and D-terms have been removed exploiting their
equations of motion. Having defined the model, we can introduce the Ferrara-Zumino hyper-
current
JAA˙ = Tr
[
W¯A˙e
VWAe
−V ]− 1
3
Φ¯
[←
∇¯A˙ eV∇A − eV D¯A˙∇A+
←
∇¯A˙
←
DA e
V
]
Φ , (1.23)
where ∇A is the gauge-covariant derivative in the superfield formalism whose action on chiral
superfields is given by
∇AΦ = e−VDA
(
eV Φ
)
, ∇¯A˙Φ¯ = eV D¯A˙
(
e−V Φ¯
)
. (1.24)
The conservation equation for the hypercurrent JAA˙ is
D¯A˙JAA˙ =
2
3
DA
[
− g
2
16pi2
(3T (A)− T (R)) TrW 2 − 1
8
γ D¯2(Φ¯eV Φ) +
(
3W(Φ)− Φ∂W(Φ)
∂Φ
)]
,(1.25)
where γ is the anomalous dimension of the chiral superfield.
The first two terms in Eq. (1.25) describe the quantum anomaly of the hypercurrent, while
the last is of classical origin and it is entirely given by the superpotential. In particular, for
a classical scale invariant theory, in which W is cubic in the superfields or identically zero,
this term identically vanishes. If, on the other hand, the superpotential is quadratic the
conservation equation of the hypercurrent acquires a non-zero contribution even at classical
level. This describes the explicit breaking of the conformal symmetry.
We can now project the hypercurrent JAA˙ defined in Eq.(1.23) onto its components. The
lowest component is given by the Rµ current, the θ term is associated with the supercurrent
SµA, while the θθ¯ component contains the energy-momentum tensor T
µν . In the N = 1 super
Yang-Mills theory described by the Lagrangian in Eq. (1.19), these three currents are defined
as
Rµ = λ¯aσ¯µλa +
1
3
(
−χ¯iσ¯µχi + 2iφ†iDµijφj − 2i(Dµijφj)†φi
)
, (1.26)
SµA = i(σ
νρσµλ¯a)AF
a
νρ −
√
2(σν σ¯
µχi)A(D
ν
ijφj)
† − i
√
2(σµχ¯i)W
†
i (φ
†)
− ig(φ†iT aijφj)(σµλ¯a)A + SµI A , (1.27)
Tµν = −F aµρF a νρ + i
4
[
λ¯aσ¯µ(δac
→
∂ν −g tabcAb ν)λc + λ¯aσ¯µ(−δac
←
∂ν −g tabcAb ν)λc + (µ↔ ν)
]
+ (Dµijφj)
†(Dνikφk) + (D
ν
ijφj)
†(Dµikφk) +
i
4
[
χ¯iσ¯
µ(δij
→
∂ν +igT aijA
a ν)χj
+ χ¯iσ¯
µ(−δij
←
∂ν +igT aijA
a ν)χj + (µ↔ ν)
]
− ηµνL + TµνI , (1.28)
where L is given in Eq.(1.19) and SµI and T
µν
I are the terms of improvement in d = 4 of the
supercurrent and of the EMT respectively. As in the non-supersymmetric case, these terms
are necessary only for a scalar field and, therefore, receive contributions only from the chiral
multiplet. They are explicitly given by
SµI A =
4
√
2
3
i
[
σµν∂ν(χiφ
†
i )
]
A
, (1.29)
TµνI =
1
3
(
ηµν∂2 − ∂µ∂ν)φ†iφi . (1.30)
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The terms of improvement are automatically conserved and guarantee, for W(Φ) = 0, upon
using the equations of motion, the vanishing of the classical trace of Tµν and of the classical
gamma-trace of the supercurrent SµA.
The anomaly equations in the component formalism, which can be projected out from Eq.
(1.25), are
∂µR
µ =
g2
16pi2
(
T (A)− 1
3
T (R)
)
F aµνF˜ aµν , (1.31)
σ¯µS
µ
A = −i
3 g2
8pi2
(
T (A)− 1
3
T (R)
)(
λ¯aσ¯µν
)
A
F aµν , (1.32)
ηµνT
µν = − 3 g
2
32pi2
(
T (A)− 1
3
T (R)
)
F aµνF aµν . (1.33)
The first and the last equations are respectively extracted from the imaginary and the real
part of the θ component of Eq.(1.25), while the gamma-trace of the supercurrent comes from
the lowest component.
1.4 The perturbative expansion in the component formalism
In this section we will present the one-loop perturbative analysis of the one-particle irreducible
correlators, built with a single current insertion contributing - at leading order in the gauge
coupling constant - to the anomaly equations previously discussed.
We define the three correlation functions, Γ(R), Γ(S) and Γ(T ) as
δab Γµαβ(R) (p, q) ≡ 〈Rµ(k)Aaα(p)Ab β(q)〉 〈RV V 〉 ,
δab Γµα
(S)AB˙
(p, q) ≡ 〈SµA(k)Aaα(p) λ¯bB˙(q)〉 〈SV F 〉 ,
δab Γµναβ(T ) (p, q) ≡ 〈Tµν(k)Aaα(p)Ab β(q)〉 〈TV V 〉 , (1.34)
with k = p+q and where we have factorized, for the sake of simplicity, the Kronecker delta on
the adjoint indices. These correlation functions have been computed at one-loop order in the
dimensional reduction scheme (DRed). The Feynman rules used for the computation are given
in [25]. We recall that in this scheme the tensor and scalar loop integrals are computed in the
analytically continued spacetime while the sigma algebra is restricted to four dimensions.
We will present the results for the matter chiral and gauge vector multiplets separately, for
on-shell gauge external lines.
The one-particle irreducible correlation functions of the Ferrara-Zumino multiplet are ul-
traviolet (UV) divergent, as one can see from a direct computation, and we need a suitable
renormalization procedure in order to get finite results. In particular we have explicitly
checked that, at one-loop order, among the three correlators defined in Eq. (1.34), only those
with SµA and T
µν require a UV counterterm. The renormalization of the correlation func-
tions is guaranteed by replacing the bare operators in Eq. (1.27) and Eq. (1.28) with their
renormalized counterparts. This introduces the renormalized parameters and wave-function
renormalization constants which are fixed by some conditions that specify the renormalization
scheme. In particular, for the correlation functions we are interested in, the bare SµA and T
µν
current become
SµA = iZ
1/2
λ Z
1/2
A (σ
νρσµλ¯aR)AF
a
R νρ + . . . ,
Tµν = ZA
(
−F aµρR F a νR ρ +
1
4
ηµνF a ρσR F
a
Rρσ
)
+ . . . , (1.35)
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where the suffix R denotes renormalized quantities. ZA and Zλ are the wave-function renor-
malization constants of the gauge and gaugino field respectively, while the ellipses stand for all
the remaining operators. In the previous equations we have explicitly shown only the contri-
butions from which, at one-loop order, we can extract the counterterms needed to renormalize
our correlation functions. All the other terms, not shown, play a role at higher perturbative
orders.
Expanding the wave-function renormalization constants at one-loop as Z = 1 + δZ we obtain
the vertices of the counterterms
δ[SµA(k)A
aα(p)λ¯b
B˙
(q)] = (δZA + δZλ) pρ (σ
αρσµ)AB˙ ,
δ[Tµν(k)Aaα(p)Ab β(q)] = δZA δ
ab
{
p · q Cµναβ +Dµναβ(p, q)
}
, (1.36)
with p and q outgoing momenta. The δZ counterterms can be defined, for instance, by
requiring a unit residue of the full two-point functions on the physical particle poles. This
implies that
δZA = − ∂
∂p2
Σ(AA)(p2)
∣∣∣∣
p2=0
and δZλ = −Σ(λλ¯)(0) , (1.37)
where the one-loop corrections to the gauge and gaugino two-point functions are defined as
Γ(AA)µν (p) = −iδab
(
ηµν − pµpν
p2
)
Σ(AA)(p2) , (1.38)
Γ
(λλ¯)
AB˙
(p) = iδab pµσ
µ
AB˙
Σ(λλ¯)(p2) , (1.39)
with
Σ(AA)(p2) =
g2
16pi2
p2
{
T (R)B0(p
2,m2)− T (A)B0(p2, 0)
}
, (1.40)
Σ(λλ¯)(p2) =
g2
16pi2
{
T (R)B0(p
2,m2) + T (A)B0(p
2, 0)
}
. (1.41)
Using the previous expressions we can easily compute the wave-function renormalization con-
stants
δZA = − g
2
16pi2
{
T (R)B0(0,m
2)− T (A)B0(0, 0)
}
,
δZλ = − g
2
16pi2
{
T (R)B0(0,m
2) + T (A)B0(0, 0)
}
, (1.42)
and therefore obtain the one-loop counterterms needed to renormalize our correlators. In the
following we will always present results for the renormalized correlation functions.
It is interesting to observe that, accordingly to Eq. (1.36), the one-loop counterterm to
the supercurrent correlation function is identically zero for the vector gauge multiplet, due
to a cancellation between δZA and δZλ. Therefore we expect a finite result for the vector
supermultiplet contribution to the Γµα(S). Indeed this is the case as we will show below.
The correctness of our computations is secured by the check of some Ward identities. These
arise from gauge invariance, from the conservation of the energy-momentum tensor and of the
supercurrent. In particular, for the three point correlators defined above, we have
pα Γ
µαβ
(R) (p, q) = 0 , qβ Γ
µαβ
(R) (p, q) = 0 ,
pα Γ
µα
(S)(p, q) = 0 ,
pα Γ
µναβ
(T ) (p, q) = 0 , qβ Γ
µναβ
(T ) (p, q) = 0 . (1.43)
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Figure 1.1: The one-loop perturbative expansion of the 〈RV V 〉 correlator with a massless
chiral multiplet running in the loops.
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Aa α(p)
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SµA(k) λ¯
b
B˙
(q)
Aa α(p)
(d)
Figure 1.2: The one-loop perturbative expansion of the 〈SV F 〉 correlator with a massless
chiral multiplet running in the loops.
from the conservation of the vector current, and
i kµ Γ
µα
(S)(p, q) = −2pµ σµαΓˆ(λλ¯)(q)− iσµΓˆµα(AA)(p) ,
i kµ Γ
µναβ
(T ) (p, q) = qµΓˆ
αµ
(AA)(p)η
βν + pµΓˆ
βµ
(AA)(q)η
αν − qνΓˆαβ(AA)(p)− pνΓˆαβ(AA)(q) , (1.44)
for the conservation of the supercurrent and of the EMT, where Γˆ(AA) and Γˆ(λλ¯) are the
renormalized self-energies. Their derivation follows closely the analysis presented in [7]. Notice
that, for on-shell gauge and gaugino external lines, the two identities in Eq. (1.44) simplify
considerably because their right-hand sides vanish identically.
1.5 The supercorrelator in the on-shell and massless case
In this section we discuss the explicit results of the computation of supercorrelator when the
components of the external vector supercurrents are on-shell and the superpotential of the
chiral multiplet is absent. We will consider first the contributions due to the exchange of the
chiral multiplet, followed by a subsection in which we address the exchange of a virtual vector
multiplet.
1.5.1 The chiral multiplet contribution
We start from the chiral multiplet, presenting the result of the computation for massless fields
and on shell gauge and gaugino external lines.
The diagrams defining the one-loop expansion of the Γ(R) correlator are shown in Fig. (1.1).
They consist of triangle and bubble topologies with fermions, since the scalars do not con-
tribute. The explicit result for a massless chiral multiplet with on-shell external gauge bosons
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Figure 1.3: The one-loop perturbative expansion of the 〈TV V 〉 correlator with a massless
chiral multiplet running in the loops. The last diagram, being a massless tadpole, is identically
zero in dimensional regularization.
is given by
Γµαβ(R) (p, q) = −i
g2 T (R)
12pi2
kµ
k2
ε[p, q, α, β] , (1.45)
The correlator in Eq.(1.45) satisfies the vector current conservation constraints given in
Eq.(1.43) and the anomalous equation of Eq.(1.31)
ikµ Γ
µαβ
(R) (p, q) =
g2 T (R)
12pi2
ε[p, q, α, β] . (1.46)
There is no much surprise, obviously, for the anomalous structure of Eq. (1.45) which is
characterized by a pole 1/k2 term, since in the on-shell case and for massless fermions (which
are the only fields contributing to the 〈RV V 〉 at this perturbative order), we recover the usual
structure of the 〈AV V 〉 diagram.
The perturbative expansion of the Γµα
(S)AB˙
correlation function is depicted in Fig. (1.2).
For simplicity we will remove, from now on, the spinorial indices from the corresponding
expressions. The explicit result for a massless chiral supermultiplet with on-shell external
gauge and gaugino lines is then given by
Γµα(S)(p, q) = −i
g2T (R)
6pi2 k2
sµα1 + i
g2T (R)
64pi2
Φ2(k
2, 0) sµα2 , (1.47)
where the form factor Φ2(k
2, 0) is defined as
Φ2(k
2, 0) = 1− B0(0, 0) + B0(k2, 0) , (1.48)
and the two tensor structures are
sµα1 = σ
µνkν σ
ρkρ σ¯
αβpβ ,
sµα2 = 2pβ σ
αβσµ . (1.49)
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The B0 function appearing in Eq.(1.48) is a two-point scalar integral defined in Appendix A.
Notice that the form factor multiplying the second tensor structure s2 is ultraviolet finite, due
to the renormalization procedure, but has an infrared singularity inherited by the counterterms
in Eq. (1.36).
It is important to observe that the only pole contribution comes from the anomalous structure
sµα1 , which shows that the origin of the anomaly has to be attributed to a unique fermionic
pole (σρkρ/k
2) in the correlator, in the form factor multiplying sµα1 . It is easy to show
that Eq. (1.47) satisfies the vector current and EMT conservation equations. Moreover, the
anomalous equation reads as
σ¯µ Γ
µα
(S)(p, q) =
g2T (R)
4pi2
σ¯αβpβ , (1.50)
where only the first tensor structure contributes to the σ-trace of the correlator. This result
is clearly in agreement with Eq.(1.32), after Fourier transform (F.T.) owing to
F.T.
{
i
2
δ2Fµν σ¯
µν λ¯
δAα(x)δλ¯(y)
}
= σ¯αβpβ . (1.51)
Notice also that
F.T.
{
δ2Sµ
δAα(x)δλ¯(y)
}
= sµα2 . (1.52)
The diagrams appearing in the perturbative expansions of the Γ(T ) are depicted in Fig.(1.3).
They consist of triangle and bubble topologies. There is also a tadpole-like contribution,
Fig.(1.3j), which is non-zero only in the massive case.
The explicit expression of the Γ(T ) correlator for a massless chiral supermultiplet and on-shell
gauge lines is given by
Γµναβ(T ) (p, q) = −
g2 T (R)
24pi2 k2
tµναβ1S (p, q) +
g2 T (R)
16pi2
Φ2(k
2, 0) tµναβ2S (p, q) , (1.53)
where the Φ2 is defined in Eq.(1.48) and
tµναβ1S (p, q) ≡ φµναβ1 (p, q) = (ηµνk2 − kµkν)uαβ(p, q) , (1.54)
tµναβ2S (p, q) ≡ φµναβ3 (p, q) = (pµqν + pνqµ)ηαβ + p · q(ηανηβµ + ηαµηβν)− ηµνuαβ(p, q)
− (ηβνpµ + ηβµpν)qα − (ηανqµ + ηαµqν)pβ , (1.55)
where φµναβ1 , φ
µναβ
3 and u
αβ are given in Eqs. (B.2) and (B.3). As in the previous cases we have
explicitly checked all the Ward identities originating from gauge invariance and conservation
of the energy-momentum tensor. As one can easily verify by inspection, only the first one
of the two tensor structures is traceful and contributes to the anomaly equation of the Γ(T )
correlator
ηµν Γ
µναβ
(T ) (p, q) = −
g2 T (R)
8pi2
uαβ(p, q) . (1.56)
The comparison of Eq.(1.56) to Eq.(1.33) is evident if one recognizes that
F.T.
{
−1
4
δ2FµνF
µν
δAα(x)δAβ(y)
}
= uαβ(p, q) . (1.57)
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For completeness we give also the inverse Fourier transform of tµναβ2S (p, q) which is obtained
from
F.T.
{
δ2Tµνgauge
δAα(x)δAβ(y)
}
= tµναβ2S (p, q) , (1.58)
where Tµνgauge is the pure gauge part of the energy-momentum tensor. Notice that t2S is nothing
else than the tree-level vertex with two onshell gauge fields on the external lines.
As in the previous subsection, concerning the supersymmetric current SµA, also in the case
of this correlator there is only one structure containing a pole term, which appears in the
only form factor (which multiplies t1S) with a nonvanishing trace. Differently from the non
supersymmetric case, such as in QED and QCD, with fermions or scalars running in the loops,
as shown in Eqs. (1.59), (1.60), and (1.61), there are no extra poles in the traceless structures
of the decomposition of the correlators proving that in a supersymmetric theory the signature
of all the anomalies in the 〈JVV〉 correlator are only due to anomaly poles in each channel.
1.5.2 The vector multiplet contribution
Finally, we come to a discussion of the perturbative results for the vector (gauge) multiplet
to the three anomalous correlation functions presented in the previous sections. Notice that
due to the quantization of the gauge field, gauge fixing and ghost terms must be taken into
account, increasing the complexity of the computation. This technical problem is completely
circumvented with on-shell gauge boson and gaugino, which is the case analyzed in this work.
Concerning the diagrammatic expansion, the topologies of the various contributions defining
the three correlators is analogous to those illustrated in massless chiral case. The explicit
results are given by
Γµαβ(R) (p, q) = i
g2 T (A)
4pi2
kµ
k2
ε[p, q, α, β] , (1.59)
Γµα(S)(p, q) = i
g2T (A)
2pi2 k2
sµα1 + i
g2T (A)
64pi2
V (k2) sµα2 , (1.60)
Γµναβ(T ) (p, q) =
g2 T (A)
8pi2 k2
tµναβ1 (p, q) +
g2 T (A)
16pi2
V (k2) tµναβ2 (p, q) , (1.61)
where
V (k2) = −3 + 3B0(0, 0)− 3B0(k2, 0)− 2k2 C0(k2, 0) . (1.62)
The tensor expansion of the correlators is the same as in the previous cases. The only differ-
ences are in the form factors. In particular, the first in each of them is the only one responsible
for the anomaly and is multiplied, respect to the chiral case, by a factor −3 and by a different
group factor. The result reproduces exactly the anomaly Eqs (1.31,1.32,1.33). Concerning
the ultraviolet divergences of these correlators, the explicit computation shows that the vector
multiplet contribution to Γµν(S) is indeed finite at one-loop order before any renormalization.
This confirms a result obtained in the analysis of the renormalization properties of these cor-
relators presented in a previous section, where it was shown the vanishing of the counterterm
of Γµα(S) for the vector multiplet.
Also for the vector multiplet, the result is similar, since the only anomaly poles present in
the three correlators (1.59), (1.60) and (1.61) are those belonging to anomalous structures. We
conclude that in all the cases discussed so far, the signature of an anomaly, in a superconformal
theory, are anomaly poles.
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Rµ(k)
Ab β(q)
Aa α(p)
(a)
SµA(k)
λ¯b
B˙
(q)
Aa α(p)
(b)
T µν(k)
Ab β(q)
Aa α(p)
(c)
Figure 1.4: A sample of diagrams, for a massive chiral multiplet, mass insertions in the fermion
propagators.
1.6 The supercorrelator in the on-shell and massive case
We now extend our previous analysis to the case of a massive chiral multiplet. This will turn
out to be extremely useful in order to discuss the general behaviour of the spectral densities
away from the conformal point.
The diagrammatic expansion of the three correlators for a massive chiral multiplet in the
loops get enlarged by a bigger set of contributions characterized by mass insertions on the SµA
and Tµν vertices and on the propagators of the Weyl fermions. A sample of them are shown
in Fig. (1.4). An explicit computation, in this case, gives
Γµαβ(R) (p, q) = i
g2 T (R)
12pi2
Φ1(k
2,m2)
kµ
k2
ε[p, q, α, β] , (1.63)
Γµα(S)(p, q) = i
g2T (R)
6pi2 k2
Φ1(k
2,m2) sµα1 + i
g2T (R)
64pi2
Φ2(k
2,m2) sµα2 , (1.64)
Γµναβ(T ) (p, q) =
g2 T (R)
24pi2 k2
Φ1(k
2,m2) tµναβ1S (p, q) +
g2 T (R)
16pi2
Φ2(k
2,m2) tµναβ2S (p, q) ,(1.65)
with
Φ1(k
2,m2) = −1− 2m2 C0(k2,m2) ,
Φ2(k
2,m2) = 1− B0(0,m2) + B0(k2,m2) + 2m2C0(k2,m2) . (1.66)
The expressions above show that the only modification introduced by the mass corrections is
in the form factors, while the tensor structure remains unchanged.
As we have previously discussed, if the superpotential is quadratic in the chiral superfield,
the hypercurrent conservation equation develops a classical (non-anomalous) contribution
describing the explicit breaking of the conformal symmetry. Therefore, in this case, the
anomaly equations (1.46),(1.50), and (1.56) must be modified in order to account for the mass
dependence. The new conservation equations for a massive chiral supermultiplet become
ikµ Γ
µαβ
(R) (p, q) = −
g2T (R)
12pi2
Φ1(k
2,m2)ε[p, q, α, β] , (1.67)
σ¯µ Γ
µα
(S)(p, q) = −
g2T (R)
4pi2
Φ1(k
2,m2)σ¯αβpβ , (1.68)
ηµν Γ
µναβ
(T ) (p, q) =
g2T (R)
8pi2
Φ1(k
2,m2)uαβ(p, q) . (1.69)
It is interesting to observe that supersymmetry prevents the appearance of new structures in
the conservation equations, at least for these correlation functions, being the explicit classical
breaking terms just a correction to the anomaly coefficient. This is not the case for non-
supersymmetric theories [5, 6].
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1.7 Comparing supersymmetric and non supersymmetric cases:
sum rules and extra poles in the Standard Model
In this section and in the following one, we compare the structure of the spectral densities
between supersymmetric and non supersymmetric theories in the presence of mass terms,
looking for the additional sum rules not directly related to the anomalies, which may be
present in the 〈TV V 〉 and 〈AV V 〉 correlators. We anticipate that these are found in the
〈TV V 〉 in the non suspersymmetric case in all the gauge invariant sectors of the Standard
Model. We start our analysis with the conformal anomaly action of QCD, described by the
EMT-gluon-gluon vertex and then move to the EMT-γγ vertex in the complete electroweak
theory. Obviously, the spectral densitites develope anomaly poles in the limit in which all
the second scales of the vertices turn to zero. By this we mean fermion masses, the W mass
and external virtualities. Moreover, we identify the explicit form of the sum rules satisfied in
perturbation theory.
1.7.1 The extra pole of QCD
For definiteness we focus our attention on a specific gauge theory, QCD. We write the whole
amplitude Γµναβ(p, q) of the 〈TV V 〉 diagram in QCD as
Γµναβ(p, q) = Γµναβq (p, q) + Γ
µναβ
g (p, q), (1.70)
having separated the quark (Γq) and the gluons/ghosts (Γg) contributions. We have omitted
the colour indices for simplicity, being the correlator diagonal in colour space. As described
before in Section B for the massless case, also in the massive case the amplitude Γ is expressed
in terms of 3 tensor structures. In the MS scheme these are given by [7]
Γµναβq/g (p, q) =
3∑
i=1
Φi q/g(k
2,m2)φµναβi (p, q) . (1.71)
For on-shell and transverse gluons, only 3 invariant amplitudes contribute, which for the quark
loop case are given by
Φ1 q(k
2,m2) =
g2
6pi2k2
{
− 1
6
+
m2
k2
−m2C0(k2,m2)
[
1
2
− 2m
2
k2
]}
, (1.72)
Φ2 q(k
2,m2) = − g
2
4pi2k2
{
1
72
+
m2
6k2
+
m2
2k2
D(k2,m2) +
m2
3
C0(k
2,m2)
[
1
2
+
m2
k2
]}
, (1.73)
Φ3 q(k
2,m2) =
g2
4pi2
{
11
72
+
m2
2k2
+m2C0(k
2,m2)
[
1
2
+
m2
k2
]
+
5m2
6k2
D(k2,m2) +
1
6
BMS0 (k
2,m2)
}
,
(1.74)
where the on-shell scalar integrals D(k2,m2), C0(k
2,m2) and BMS0 (k
2,m2) are given in Ap-
pendix A.
Here we concentrate on the two form factors which are unaffected by renormalization, namely
Φ1,2q. Both admit convergent dispersive integrals of the form
Φ1,2q(k
2,m2) =
1
pi
∫ ∞
0
ds
ρ1,2q(s,m
2)
s− k2 , (1.75)
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in terms of spectral densities ρ1,2q(s,m
2). From the explicit expressions of these two form
factors, the corresponding spectral densities are obtained using the relations
Disc
(
1
s2
)
= 2ipiδ′(s),
Disc
(
C0(s,m
2)
s2
)
= −2ipi
s3
log
1 +
√
τ(s,m2)
1−√τ(s,m2)θ(s− 4m2) + ipiδ′(s)A(s), (1.76)
where A(s) is defined in Eq.(C.11) and we have used the general relation(
1
x+ i
)n
−
(
1
x− i
)n
= (−1)n 2pii
(n− 1)!δ
(n−1)(x) , (1.77)
with δ(n)(x) the n-th derivative of the delta function. The contribution proportional to δ′(s)
in Eq.(1.76) can be rewritten in the form
δ′(s)A(s) = −δ(s)A′(0) + δ′(s)A(0), with A(0) = − 1
m2
, A′(0) = − 1
12m4
, (1.78)
giving for the spectral densities
ρ1q(s,m
2) =
g2
12pi
m2
s2
τ(s,m2) log
1 +
√
τ(s,m2)
1−√τ(s,m2)θ(s− 4m2) ,
ρ2q(s,m
2) =
−g2
12pi
[
3m2
2s2
√
τ(s,m2)− m
2
s
(
1
2s
+
m2
s2
)
log
1 +
√
τ(s,m2)
1−√τ(s,m2)
]
θ(s− 4m2)(1.79)
Both functions are characterized by a two particle cut starting at 4m2, with m the quark
mass. Notice also that in this case there is a cancellation of the localized contributions related
to the δ(s), showing that for nonzero mass there are no pole terms in the dispersive integral.
The crucial difference, respect to the supersymmetric case discussed above, is that now we
have two independent sum rules
1
pi
∫ ∞
0
ds ρ1q(s,m
2) =
g2
36pi2
,
1
pi
∫ ∞
0
ds ρ2q(s,m
2) =
g2
288pi2
, (1.80)
one for each form factor, as it can be verified by a direct integration. We can normalize both
densities as
ρ¯1q(s,m
2) ≡ 36pi
2
g2
ρ1q(s,m
2) ρ¯2q(s,m
2) ≡ 288pi
2
g2
ρ2q(s,m
2) (1.81)
in order to describe the two respective flows, which are homogeneuos, since both densities
carry the same physical dimension and both converge to a δ(s) as the quark mass m is sent
to zero
lim
m→0
ρ¯1q = lim
m→0
ρ¯2q = δ(s). (1.82)
Indeed at m = 0, Φ1,2q are just given by pole terms, while Φ3q is logarithmic in momentum
Φ1 q(k
2, 0) = − g
2
36pi2k2
, Φ2 q(k
2, 0) = − g
2
288pi2 k2
, (1.83)
Φ3 q(k
2, 0) = − g
2
288pi2
(
12 log
(
−k
2
µ2
)
− 35
)
, for k2 < 0. (1.84)
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Figure 1.5: Amplitude with the graviton - Higgs mixing vertex generated by the term of
improvement. The blob represents the SM Higgs -VV’ vertex at one-loop.
It is then clear, from this comparative analysis, that the supersymmetric and the non su-
persymmetric anomaly correlators can be easily differentiated in regards to their spectral
behaviour. In the non supersymmetric case the spectral analysis of the 〈TV V 〉 correlator
shows the appearance of two flows, one of them anomalous, the other not. A similar pattern
is found in the gluon sector, which obviously is not affected by the mass term. In this case
the on-shell and transverse condition on the external gluons brings to three very simple form
factors whose expressions are
Φ1 g(k
2) =
11 g2
72pi2 k2
CA , Φ2 g(k
2) =
g2
288pi2 k2
CA , (1.85)
Φ3 g(k
2) = − g
2
8pi2
CA
[
65
36
+
11
6
BMS0 (k
2, 0)− BMS0 (0, 0) + k2 C0(k2, 0)
]
. (1.86)
The MS renormalized scalar integrals can be found in Appendix A. Also in this case, it is
clear that the simple poles in Φ1 g and Φ2 g, the two form factors which are not affected by the
renormalization, are accounted for by two spectral densities which are proportional to δ(s).
The anomaly pole in Φ1 g is accompanied by a second pole in the non anomalous form factor
Φ2 g. Notice that Φ3g is affected by renormalization, and as such it is not considered relevant
in the spectral analysis.
1.7.2 〈TV V 〉 and the two spectral flows of the electroweak theory
The point illustrated above can be extended to the entire electroweak theory by looking at
some typical diagrams which manifest a trace anomaly. The simplest case is the 〈TV V 〉 in
the full electroweak theory, where V , in this case, denotes on-shell photons. At one loop level
it is given by the vertex Γµναβ and expanded onto two terms
Γµναβ(p, q) = Σµναβ(p, q) + ∆µναβ(p, q) , (1.87)
where Σµναβ(p, q) is a full irreducible contribution, corresponding to topologies of triangles,
bubbles and tadpoles. In this case Σµναβ(p, q) is given by the expression[26, 27, 8]
Σµναβ(p, q) = ΣµναβF (p, q) + Σ
µναβ
B (p, q) + Σ
µναβ
I (p, q), (1.88)
corresponding to the exchange of fermions (ΣF ), gauge bosons (ΣB) and to a term of im-
provement (ΣI). The latter is generated by an EMT of the form
T Iµν = −
1
3
[
∂µ∂ν − ηµν 
]
H†H = −1
3
[
∂µ∂ν − ηµν 
](
H2
2
+
φ2
2
+ φ+φ− + v H
)
. (1.89)
and is responsible for a bilinear mixing between the EMT and the Higgs field.
The term ∆µναβ(p, q) in Eq.(1.87) comes from the insertion of the EMT of improvement given
above with the Standard Model Hγγ vertex. The relevant diagram is reported in Fig. (1.5).
The inclusion of this term is necessary, from a careful analysis of the Ward identities, as shown
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in [27].
They full irreducible contributions are expanded as
ΣµναβF (p, q) =
3∑
i=1
Φi F (s, 0, 0,m
2
f )φ
µναβ
i (p, q) , (1.90)
ΣµναβB (p, q) =
3∑
i=1
Φi B(s, 0, 0,M
2
W )φ
µναβ
i (p, q) , (1.91)
ΣµναβI (p, q) = Φ1 I(s, 0, 0,M
2
W )φ
µναβ
1 (p, q) + Φ4 I(s, 0, 0,M
2
W )φ
µναβ
4 (p, q) . (1.92)
with s = k2 = (p+ q)2, φµναβi (p, q) given in Eq. (B.2) and
φµναβ4 (p, q) = (s η
µν − kµkν) ηαβ, (1.93)
while the ∆ term reads as
∆µναβ(p, q) = ∆µναβI (p, q)
= Ψ1 I(s, 0, 0,m
2
f ,M
2
W ,M
2
H)φ
µναβ
1 (p, q) + Ψ4 I(s, 0, 0,M
2
W )φ
µναβ
4 (p, q) .(1.94)
This is built by combining the tree level vertex for EMT/Higgs mixing, coming from the
improved EMT, and the Standard Model Hγγ correlator at one-loop.
The spectral densities of the fermion contributions, related to ΣF have structure similar to
those computed above in Eq. (1.79), with ρΦ1F ∼ ρ1q(s) and ρΦ2F ∼ ρ2q(s). Therefore we
have two sum rules and two spectral flows also in this case, following the pattern discussed
before for the spectral densities in Eq. (1.79).
A similar analysis on the two form factors ΦB in the gauge boson sector gives
ρφ1B (s) =
2M2W
s3
(2M2W − s)α log
1 +
√
τ(s,M2W )
1−
√
τ(s,M2W )
 θ(s− 4M2W ) (1.95)
while ρφ2B has the same functional form of ρφ2F , modulo an overall factor, with m, the fermion
mass, replaced by the W mass MW . Notice that both ρφ1B and ρφ2B , as well as ρφ1F and ρφ2F
are deprived of resonant contributions, being the diagrams massive.
Coming to the form factors in ΣI , one realizes that the spectral density of Φ1I shares the same
functional form of ρχ, extracted from Eq. (C.16), and there is clearly a sum rule associated
to it. Also in this case, this result is accompanied by the 1/k2 behaviour of the corresponding
form factor, due to the anomaly.
Finally, for the case of ψ1I , one can also show that the spectral density finds support only
above the two particle cuts. The cuts are linked to 2m and 2MW . In this case there is no sum
rule and the contribution is not affected by an anomaly pole, as expected, being the virtual
loop connected with the Hγγ vertex (see Fig. 1.5).
1.7.3 The non-transverse 〈AV V 〉 correlator
Before closing the analysis on the spectral densitites of non supersymmetric theories, we pause
for few comments on the structure of the 〈AV V 〉 diagram, which, as we are going to show,
is affected by a single flow even if we do not impose the transversality condition on the two
photons. We consider once more the anomaly vertex as parameterized in Eq. (B.7), and
consider the second form factor A4+6 ≡ A4 + A6, which contributes to the anomaly loop for
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non transverse (but on-shell) photons. The expression of A6, the anomalous form factor, has
been given in Eq. (B.8), while A4 is given by
A4(k
2,m2) = − 1
2pi2k2
[
2−
√
τ(k2,m2) log
√
τ(k2,m2) + 1√
τ(k2,m2)− 1
]
, k2 < 0 (1.96)
and A4+6 takes the form
A4+6(k
2,m2) =
1
2pi2k2
[
−1 +
√
τ(k2,m2) log
√
τ(k2,m2) + 1√
τ(k2,m2)− 1 +
m2
k2
log2
√
τ(k2,m2) + 1√
τ(k2,m2)− 1
]
.
(1.97)
Its discontinuity is given by
DiscA4+6(k
2,m2) = −2ipi
[√
τ(k2,m2)
k2
+
2m2
(k2)2
log
√
τ(k2,m2) + 1√
τ(k2,m2)− 1
]
θ(k2 − 4m2). (1.98)
Notice that in this case there is no sum rule satisfied by this spectral density, being non-
integrable along the cut. Coming to the spectral density for the anomaly coefficient A6,
this is proportional to the density of χ(s,m2) given in Eq. (C.16) and shares the same
behaviour found for ρχ(s,m
2), as expected. This analysis shows that in the 〈AV V 〉 case one
encounters a single sum rule and a single massive flow which degenerates into a δ(s) behaviour,
as in the supersymmetric case. This condition remains valid also for non-transverse vector
currents. It is then clear that the crucial difference between the non supersymmetric and the
supersymmetric case is carried by the 〈TV V 〉 diagram, due to the extra sum rule discussed
above.
1.7.4 Cancellations in the supersymmetric case
In order to further clarify how the cancellation of the extra poles occurs for the supersymmetric
〈TV V 〉, we consider the non-anomalous form factor f2 in a general theory (given in Eqs.
(B.4,B.5,B.6)), with Nf Weyl fermions, Ns complex scalars and NA gauge fields. We work,
for simplicity, in the massless limit. In this case the non anomalous form factor f2, which
is affected by pole terms, after combining scalar, fermions and gauge contributions can be
written in the form
f2(k
2) =
Nf
2
f
(f)
2 (k
2) +Ns f
(s)
2 (k
2) +NA f
(A)
2 (k
2)
=
g2
144pi2 k2
[
−Nf
2
T (Rf ) +Ns
T (Rs)
2
+NA
T (A)
2
]
, (1.99)
where the fermions give a negative contribution with respect to scalar and gauge fields. If
we turn to a N = 1 Yang-Mills gauge theory, which is the theory that we are addressing,
we need to consider in the anomaly diagrams the virtual exchanges both of a chiral and of a
vector supermultiplet. In the first case the multiplet is built out of one Weyl fermion and one
complex scalar, therefore in Eq.(1.99) we have Nf = 1, Ns = 1, NA = 0 with T (Rf ) = T (Rs).
With this matter content, the form factor is set to vanish.
For a vector multiplet, on the othe other end, we have one vector field and one Weyl fermion,
all belonging to the adjoint representation and then we obtain Nf = 1, Ns = 0, NA = 1 with
T (Rf ) = T (A). Even in this case all the contributions in the f2 form factor sum up to zero.
It is then clear that the cancellation of the extra poles in the 〈TV V 〉 is a specific tract of
supersymmetric Yang Mills theories, due to their matter content, not shared by an ordinary
gauge theory. A corollary of this is that in a supersymmetric theory we have just one spectral
flow driven by the deformation parameter m, accompanied by one sum rule for the entire
deformation.
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1.8 The anomaly effective action and the pole cancellations
for N = 4
The presence of poles in the effective action is associated either with fundamental fields in
the defining Lagrangian or with the exchange of intermediate bound states. Here we present
the quantum effective action obtained from the three-point correlation functions discussed
previously. We consider the massless case for the chiral supermultiplet and on-shell external
gauge bosons and gauginos. The anomalous part is given by the three terms
Sanom = Saxion + Sdilatino + Sdilaton (1.100)
which are
Saxion = − g
2
4pi2
(
T (A)− T (R)
3
)∫
d4z d4x ∂µBµ(z)
1
zx
1
4
Fαβ(x)F˜
αβ(x) (1.101)
Sdilatino =
g2
2pi2
(
T (A)− T (R)
3
)∫
d4z d4x
[
∂νΨµ(z)σ
µνσρ
←
∂ρ
zx
σ¯αβλ¯(x)
1
2
Fαβ(x) + h.c.
]
(1.102)
Sdilaton = − g
2
8pi2
(
T (A)− T (R)
3
)∫
d4z d4x (h(z)− ∂µ∂νhµν(z)) 1zx
1
4
Fαβ(x)F
αβ(x)(1.103)
We show in Figs.1.6 the three types of intermediate states which interpolate between the
Ferrara-Zumino hypercurrent and the gauge (A) and the gaugino (λ) of the final state. The
axion is identified by the collinear exchange of a bound fermion/antifermion pair in a pseu-
doscalar state, generated in the 〈RV V 〉 correlator. In the case of the 〈SV F 〉 correlator, the
intermediate state is a collinear scalar/fermion pair, interpreted as a dilatino. In the 〈TV V 〉
case, the collinear exchange is a linear combination of a fermion/antifermion and scalar/scalar
pairs.
The non-anomalous contribution is associated with the extra term S0 which is given by
S0 =
g2
16pi2
∫
d4z d4xhµν(z)
(
T (R) Φ˜2(z − x) + T (A) V˜ (z − x)
)
Tµνgauge(x)
+
g2
64pi2
∫
d4z d4x
[
iΨµ(z)
(
T (R) Φ˜2(z − x) + T (A) V˜ (z − x)
)
Sµgauge(x) + h.c.
]
,(1.104)
where Φ˜2(z− x) and V˜ (z− x) are the Fourier transforms of Φ2(k2, 0) and V (k2) respectively.
Their contributions in position space correspond to nonlocal logarithmic terms.
The relation between anomaly poles, spectral density flows and sum rules appear to be
a significant feature of supersymmetric theories affected by anomalies. It is then clear that
supersymmetric anomaly-free theories should be free of such contributions in the anomaly
effective action. In this respect, it natural to turn to the N = 4 theory, which is free of
anomalies, in order to verify and validate this reasoning. Indeed the β function of the gauge
coupling constant in this theory has been shown to vanish up to three loops, and there are
several arguments about its vanishing to all perturbative orders. As a consequence, the
anomaly coefficient in the trace of the energy-momentum tensor, being proportional to the β
function, must vanish identically and the same occurs for the other anomalous component,
related to the R and to the S currents in the Ferrara-Zumino supermultiplet.
We recall that in the N = 4 theory the spectrum contains a gauge field Aµ, four complex
fermions λi (i = 1, 2, 3, 4) and six real scalars φij = −φji (i, j = 1, 2, 3, 4). All fields are in the
adjoint representation of the gauge group.
From the point of view of the N = 1 SYM, this theory can be interpreted as describing a
vector and three massless chiral supermultiplets, all in the adjoint representation. Therefore
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Figure 1.6: The collinear diagrams corresponding to the exchange of a composite axion (top
right), a dilatino (top left) and the two sectors of an intermediate dilaton (bottom). Dashed
lines denote intermediate scalars.
the 〈TV V 〉 correlator in N = 4 can be easily computed from the general expressions in Eqs
(1.53) and (1.61) which give
Γµναβ(T ) (p, q) =
g2 T (A)
16pi2
[
V (k2) + 3Φ2(k
2, 0)
]
tµναβ2S (p, q) = −
g2 T (A)
8pi2
k2 C0(k
2, 0) tµναβ2S (p, q) .(1 105)
One can immediately observe from the expression above the vanishing of the anomalous
form factor proportional to the tracefull tensor structure tµναβ1S . The partial contributions to
the same form factor, which can be computed using Eqs. (1.53) and (1.61) for the various
components, are all affected by pole terms, but they add up to give a form factor whose
residue at the pole is proportional to the β function of the N = 4 theory. It is then clear
that the vanishing of the conformal anomaly, via a vanishing β function, is equivalent to the
cancellation of the anomaly pole for the entire multiplet.
Notice also that the only surviving contribution in Eq. (1.105), proportional to the traceless
tensor structure tµναβ2S , is finite. This is due to the various cancellations between the UV
singular terms from V (k2) and Φ2(k
2, 0) which give a finite correlator without the necessity
of any regularization.
We recall that the cancellation of infinities and the renormalization procedure, as we have
already seen in the N = 1 case, involves only the form factor of tensor tµναβ2S , which gets
renormalized with a counterterm proportional to that of the two-point function 〈AA〉, and
hence to the gauge coupling. For this reason the finiteness of the second form factor and then
of the entire 〈TV V 〉 in N = 4 is directly connected to the vanishing of the anomalous term,
because its non-renormalization naturally requires that the β function has to vanish.
Chapter 2
Dilaton Phenomenology at the LHC
with the TV V vertex
2.1 Synopsis
In this chapter we explore the potential for the discovery of a dilaton O(200− 500) GeV in a
classical scale/conformal invariant extension of the Standard Model by investigating the size
of the corresponding breaking scale Λ at the LHC. In particular, we address the recent bounds
on Λ derived from Higgs boson searches. We investigate if such a dilaton can be produced via
gluon-gluon fusion, presenting rates for its decay either into a pair of Higgs bosons or into two
heavy gauge bosons, which can give rise to multi-leptonic final states. We include a detailed
analysis via PYTHIA-FastJet of the dominant Standard Model backgrounds, at a centre of
mass energy of 14 TeV. We show that early data of ∼ 20 fb−1 can certainly probe the region
of parameter space where such a dilaton is allowed. A conformal scale of 5 TeV is allowed by
the current data, for almost all values of the dilaton mass investigated.
2.2 Introduction
An important feature of the electroweak sector of the Standard Model (SM) is its approximate
scale invariance which holds if the quadratic terms of the Higgs potential are absent. These
terms are obviously necessary in order for the theory to be in a spontaneously broken phase
with a vacuum expectation value (vev) v which is fixed by the experiments.
The issue of incorporating a mechanism of spontaneous symmetry breaking of a gauge sym-
metry while preserving the scale invariance of the Lagrangian is a subtle one, which naturally
brings to the conclusion that the breaking of this symmetry has to be dynamical, with the
inclusion of a dilaton field. In this case the mass of the dilaton should be attributed to a
specific symmetry-breaking potential, probably of non-perturbative origin. A dilaton, in this
case, is likely to be a composite [8] state, with a conjectured behaviour which can be partly
discussed using the conformal anomaly action.
The absence of any dimensionful constant in a tree level Lagrangian is, in fact, a necessary
condition in order to guarantee the scale invariance of the theory. This is also the framework
that we will consider, which is based on the requirement of classical scale invariance. A stricter
condition, for instance, lays in the (stronger) requirement of quantum scale invariance, with
correlators which, in some cases, are completely fixed by the symmetry and incorporate the
anomaly [28, 29, 30, 31, 32]. In the class of theories that we consider, the invariance of the
Lagrangian under special conformal transformations are automatically fulfilled by the condi-
tion of scale invariance. For this reason we will refer to the breaking of such symmetry as to
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a conformal breaking.
Approaching a scale invariant theory from a non scale-invariant one requires all the dimen-
sionful couplings of the model to be turned into dynamical fields, with a compensator (Σ(x))
which is rendered dynamical by the addition of a scalar kinetic term. It is then natural to
couple such a field both to the anomaly and to the explicit (mass-dependent) extra terms
which appear in the classical trace of the stress-energy tensor.
The inclusion of an extra Σ-dependent potential in the scalar sector of the new theory is
needed in order to break the conformal symmetry at the TeV scale, with a dilaton mass which
remains, essentially, a free parameter. We just mention that for a classically scale invariant
extension of the SM Lagrangian, the choice of the scalar potential has to be appropriate, in
order to support a spontaneously broken phase of the theory, such as the electroweak phase
[8]. For such a reason, the two mechanisms of electroweak and scale breaking have to be
directly related, with the electroweak scale v and the conformal breaking scale Λ linked by a
simple expression. At the same time, the invariance of the action under a change induced by
a constant shift of the potential, which remains unobservable in a non scale-invariant theory,
becomes observable and affects the vacuum energy of the model and its stability.
The goal of our work is to elaborate on a former theoretical analysis [8] of dilaton interactions,
by discussing the signatures and the phenomenological bounds on a possible state of this type
at the LHC, using the current experimental constraints. Some of the studies carried so far
address a state of geometrical origin (the radion) [33], which shares several of the properties
of a (pseudo) Nambu-Goldstone mode of a broken conformal symmetry, except, obviously, its
geometric origin and its possible compositeness. Other applications are in inflaton physics
(see for instance [34]).
The production and decay mechanisms of a dilaton, either as a fundamental or a composite
state, are quite similar to those of the Higgs field, except for the presence of a suppression
related to a conformal scale (Λ) and of a direct contribution derived from the conformal
anomaly. As we are going to show, the latter causes an enhancement of the dilaton decay
modes into massless states, which is maximized if its coupling ξ is conformal.
In the phenomenological study that we present below we do not consider possible modifi-
cations of the production and decay rates of this particle typical of the dynamics of a bound
state, if a dilaton is such. This point would require a separate study that will be addressed
elsewhere. We just mention that there are significant indications from the study of conformal
anomaly actions [8, 25] both in ordinary and in supersymmetric theories, that the conformal
anomaly manifests with the appearance of anomaly poles in specific channels. These interpo-
late with the dilatation current [8], similarly to the behaviour manifested by an axial-vector
current in AV V diagrams. The exchange of these massless poles are therefore the natural
signature of anomalies in general, being them either chiral or conformal [35]. Concerning the
conformal ones, these analyses have been fully worked out in perturbation theory in a certain
class of correlators (TV V diagrams) [5, 6], starting from QED. We have included one section
(section 2.6) where we briefly address these points, in view of some recent developements and
prospects for future studies. In this respect, the analysis that we present should be amended
with the inclusion of corrections coming from a possible wave function of the dilaton in the
production/decay processes involving such a state. These possible developments require spe-
cific assumptions which we are not going to discuss in great detail in the current study but
on which we will briefly comment prior to our conclusions.
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2.3 Classical scale invariant extensions of the Standard Model
and dilaton interactions
A scale invariant extension of the SM, at tree level, can be trivially obtained by promoting all
the dimensionful couplings in the scalar potential, which now includes quartic and quadratic
Higgs terms, to dynamical fields. The new field (Σ(x) = Λeρ(x)/Λ) is accompanied by a
conformal scale (Λ) and introduces a dilaton field ρ(x), as a fluctuation around the vev of
Σ(x)
Σ(x) = Λ + ρ(x) +O(ρ2), 〈Σ(x)〉 = Λ, 〈ρ(x)〉 = 0. (2.1)
The leading interactions of the dilaton with the SM fields are obtained through the diver-
gence of the dilatation current. This corresponds to the trace of the energy-momentum tensor
TµµSM computed on the SM fields
Lint = − 1
Λ
ρTµµSM . (2.2)
The interactions of the dilaton to the massive states are very similar to those of the Higgs,
except that v is replaced by Λ. The distinctive feature between the dilaton and the SM Higgs
emerges in the coupling with photons and gluons. One-loop expressions for the decays into
all the neutral currents sector has been given in [8], while leading order decay widths of ρ in
some relevant channels (fermions, vector and Higgs pairs) are easily written in the form (for
a minimally coupled dilaton, with ξ = 0)
Γρ→f¯f = N
c
f
mρ
8pi
m2f
Λ2
(
1− 4m
2
f
m2ρ
)3/2
, (2.3)
Γρ→V V = δV
1
32pi
m3ρ
Λ2
(
1− 4m
2
V
m2ρ
+ 12
m4V
m4ρ
)√
1− 4m
2
V
m2ρ
, (2.4)
Γρ→HH =
1
32pi
m3ρ
Λ2
(
1 + 2
m2H
m2ρ
)2√
1− 4m
2
H
m2ρ
. (2.5)
The one-loop expression for decays into γγ is
Γ(ρ→ γγ) = α
2m3ρ
256 Λ2 pi3
∣∣∣∣β2 + βY − [2 + 3xW + 3xW (2− xW ) f(xW )]
+
8
3
xt [1 + (1− xt) f(xt)]
∣∣∣∣2.
(2.6)
Here, the contributions to the decay, beside the anomaly term, come from the W and the
fermion (top) loops. β2(= 19/6) and βY (= −41/6) are the SU(2)L and U(1)Y β functions,
while the xi’s are proportional to the ratios between the mass of each particle in the loops mi
and the ρ mass. In general, we have defined the variable
xi =
4m2i
m2ρ
, (2.7)
with the index ”i” labelling the corresponding massive virtual particles. The leading fermionic
contribution in the loop comes from the top quark via f(xt), while f(xW ) denotes the contri-
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Figure 2.1: The mass dependence of the branching ratios of the dilaton (a) and of the Higgs
boson (b).
bution of the W -loop. The function f(x) is given by
f(x) =
arcsin
2( 1√
x
) , if x ≥ 1
−14
[
ln 1+
√
1−x
1−√1−x − i pi
]2
, if x < 1.
(2.8)
related to the scalar three-point master integral through the relation
C0(s,m
2) = −2
s
f(
4m2
s
) . (2.9)
The decay rate of a dilaton into two gluons is given by
Γ(ρ→ gg) = α
2
sm
3
ρ
32pi3Λ2
∣∣∣∣βQCD + xt [1 + (1− xt) f(xt)] ∣∣∣∣2 , (2.10)
where βQCD is the QCD β function and we have taken the top quark as the only massive
fermion, with xi and f(xi) defined in Eq. (2.7) and Eq. (2.8) respectively.
Differently from the cross section case, the dependence of the decay amplitudes Eq. (2.3) -
Eq. (2.5) on the conformal scale Λ, which amounts to an overall factor, the branching ratios
Br(ρ→ X¯X) = Γρ→X¯X∑
X Γρ→X¯X
, (2.11)
are Λ-independent.
We show in Fig. 2.1(a) the decay branching ratios of the dilation as a function of its mass,
while in Fig. 2.1(b) we plot the corresponding decay branching ratios for a SM-like heavy
Higgs boson, here assumed to be of a variable mass. For a light dilaton with mρ < 200
GeV the dominant decay mode is into two gluons (gg), while for a dilaton of larger mass
(mρ > 200 GeV) the same channels which are available for the SM-like Higgs (ZZ,WW, t¯t)
are now accompanied by a significant gg mode. From the two figures it is easily observed that
the 2 gluon rate in the Higgs case is at the level of few per mille, while in the dilaton case is
just slightly below 10%.
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2.4 Production of the dilaton
The main production process of the dilaton at the LHC is through gluon fusion, as for the
Higgs boson, with a suppression induced by the conformal breaking scale Λ, which lowers
the production rates. Even in this less favourable situation, if confronted with the Higgs
production rates of the SM, the dilaton phenomenology can still be studied al the LHC.
We calculate the dilaton production cross-section via gluon fusion by weighting the Higgs
boson to gluon-gluon decay widths with the corresponding dilaton decay width. The dilaton
production cross-section with the incoming gluons thus can be written as
σgg→ρ = σgg→H
Γρ→gg
ΓH→gg
, (2.12)
where we use the same factorization scale in the DGLAP evolution of the parton distribution
functions (PDF) of [36]. The width of ρ→ gg is given in Eq. (2.10) and we can use the same
expression to calculate the width of H → gg, replacing the breaking scale Λ with v and setting
βQCD ≡ 0. The ratio of the two widths appearing in Eq. (2.12) is then given by
Γρ→gg
ΓH→gg
=
v2
Λ2
m3ρ
m3H
|βQCD + xt [1 + (1− xt) f(xt)]|2
|xt [1 + (1− xt) f(xt)]|2
. (2.13)
In Fig. 2.2 we present the production cross-section of the dilaton at the LHC at 14 TeV
centre of mass energy mediated by (a) gluon fusion and (b) vector boson fusion, versus mρ.
Shown are the variations of the same observables for three conformal breaking scales with
Λ = 1, 5, 10 TeV. Notice that the contribution from the gluon fusion is about a factor 104
larger than the vector boson fusion.
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Figure 2.2: The mass dependence of the dilaton cross-section via gluon fusion (a) and vector
boson fusion (b) for three different choices of the conformal scale, Λ = 1, 5, 10 TeV respectively.
2.4.1 Bounds on the dilaton from heavy Higgs searches at the LHC
Since the mass of the dilaton is a free parameter, and given the similarities with the main
production and decay channels of this particle with the Higgs boson, several features of the
production and decay channels in the Higgs sector, with the due modifications, are shared
also by the dilaton case.
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Figure 2.3: The mass bounds on the dilaton from heavy scalar decays to (a) ZZ [37], (b)
W±W∓ [38], (c) τ¯ τ [39] and (d) to HH [40] for three different choices of conformal scale,
Λ = 1, 5, 10 TeV respectively.
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Benchmark mρ gg → ρ
Points GeV in fb
BP1 200 6906.62
BP2 260 3847.45
BP3 400 1229.25
Table 2.1: Dilation production cross-section via gluon fusion at the LHC at 14 TeV, for the
3 selected benchmark points, with Λ = 5 TeV.
As we have already mentioned, the production cross-section depends sensitively on Λ, as
shown in Eqs. (2.12) and (2.13). Bounds on this breaking scale has been imposed by the
experimental searches for a heavy, SM-like Higgs boson at the LHC, heavier than the 125
GeV Higgs, H125.
We have investigated the bounds on Λ coming from the following datasets
• the 4.9 fb−1 (at 7 TeV) and 19.7 fb−1 (at 8 TeV) datasets for a heavy Higgs decaying
into Z Z [37], W±W∓ [38], τ¯ τ [39] and
• the 19.7 fb−1 datasets (at 8 TeV) for the decay in HH [40] from CMS
• the 20.3 fb−1 at 8 TeV data from ATLAS for the decay of the heavy Higgs into Z Z [41]
and W±W∓ [42].
The dotted line in each plot presents the upper bound on the cross-section, i.e. the µ
parameter in each given modes defined as
µXY =
σgg→HBr(H → XY )
σgg→HSMBr(H → XY )SM
. (2.14)
In Fig. 2.3 we show the dependence of the 4-lepton (2l 2ν) channel on the mass of the ρ at its
peak, assuming Z Z, W±W∓, τ¯ τ and HH intermediate states. The three continuous lines in
violet, green and brown correspond to 3 diffferent values of the conformal scale, equal to 1, 5
and 10 TeV respectively. The SM predictions are shown in red. The dashed blue line separates
the excluded and the admissible regions, above and below the blue curve respectively, which
sets an upper bound of exclusion obtained from a CMS analysis. A similar study is shown
in Fig. 2.4, limited to the Z Z and W±W∓ channels, where we report the corresponding
bound presented, in this case, by the ATLAS collaboration. Both the ATLAS and CMS data
completely exclude the Λ = 1 TeV case whereas the Λ = 5 TeV case has only a small tension
with the CMS analysis of the W±W∓ channel if mρ ∼ 160 GeV. Any value of Λ ≥ 5 TeV is
not ruled out by the current data.
In Table 2.1 we report the values of the gluon fusion cross-section for three benchmark points
(BP) that we have used in our phenomenological analysis. We have chosen Λ = 5 TeV, and
the factorization in the evolution of the parton densities has been performed in concordance
with those of the Higgs working group [36]. In the following subsection we briefly discuss
some specific features of the dilaton phenomenology at the LHC, which will be confronted
with a PYTHIA based simulation of the SM background.
2.4.2 Dilaton phenomenology at the LHC
Fig. 2.5 shows the production and decay amplitudes mediated by an intermediate dilaton at
the LHC. We can see from Fig. 2.1(a) that some of the main interesting decays of the dilaton
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Figure 2.4: The mass bounds on the dilaton from heavy scalar decays to (a) ZZ [41] and (b)
W±W∓ [42] for three different choices of conformal scale, Λ = 1, 5 and 10 TeV respectively.
are into two on-shell SM Higgs bosons HH, or into a real/virtual pair HH∗ and gauge
boson pairs. The corresponding SM Higgs boson then further decays into WW ∗ and/or ZZ∗.
Certainly these gauge bosons and their leptonic decays will give rise to multi-leptonic final
states with missing transverse energy (6ET ) via the chain
pp → ρ→ HH∗
→ WW ∗,WW ∗
→ 4`+ 6ET , 3`+ 2j+ 6ET . (2.15)
As shown above, there are distinct intermediate states mediating the decay of the dilaton into
g
g
Z
W−
t, b
t, b
t, b
ρ
H125
H125
Z
W+
(a)
g
g
Z,W±
t, b
t, b
t, b
ρ
Z,W∓
(b)
Figure 2.5: The Feynman diagrams showing the dilaton production via gluon-gluon fusion
and its decay to (a) pair of Higgs boson which further decays into gauge boson pairs and (b)
a pair of gauge bosons.
four W± bosons on/off-shell which give rise to 3`+ 6ET and 4` + 2j+ 6ET final states. When
we demand that one of the SM Higgs bosons h decays to ZZ∗ and the other to WW ∗, we gain
a factor of two in multiplicity and generate a final state of the form 6`+ 6ET , 4`+ ≥ 2j+ 6ET
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and 3`+ 4j+ 6ET (i.e. 4 leptons, plus at least 2 jets accompanied by missing ET ) as in
pp → ρ→ HH∗
→ WW ∗, ZZ∗
→ 6`+ 6ET , 4`+ ≥ 2j+ 6ET , 3`+ 4j+ 6ET . (2.16)
Though the SM Higgs boson decay branching ratios to ZZ∗ are relatively small ∼ 3%, when
the dilaton decays via an intermediate ZZ∗, final states with several leptons are expected as
in
pp → ρ→ HH∗
→ ZZ∗, ZZ∗
→ 8`, 6`+ 2j, 4`+ 4j. (2.17)
From the last decay channel, final states with multiple charged leptons and zero missing energy
are now allowed, a case which we will explore next.
The SM gauge boson branching ratios to charged leptons are very small, specially for channels
mediated by a Z, due to the small rates. Therefore leptonic final states of higher multiplicities
will be suppressed compared to those of a low number. For this reason we will restrict
the choice of the leptonic final states in our simulation to ≥ 3` + X and ≥ 4` + X. The
requirement of ≥ 3` and ≥ 4` already allow to reduce most of the SM backgrounds, although
not completely, due to some some irreducible components, as we are going to discuss next.
2.5 Collider simulation
We analyse dilaton production by gluon-gluon fusion, followed by its decay either to a pair
of SM-like Higgs bosons (ρ→ H125H125) or to a pair of gauge bosons (WW , ZZ). The H125
thus produced will further decay into gauge boson pairs, i.e. W±W∓ and ZZ, giving rise to
mostly leptonic final states, as discussed above. When the intermediate decays into one or
more gauge bosons in the hadronic modes are considered, then we get leptons associated with
extra jets in the final states. For mρ < 2mH125 the dilaton decays to two on-shell H125 states
are not kinematically allowed. In that case we consider its direct decay into gauge boson
pairs, W±W∓, ZZ. In the following subsections we consider the two case separately, where
we analyze final states at the LHC at 14 TeV and simulate the contributions coming from the
SM backgrounds.
For this goal we have implemented the model in SARAH [43], generated the model files for
CalcHEP [44], later used to produce the decay file SLHA containing the decay rates and the
corresponding mass spectra. The generated events have then been simulated with PYTHIA [45]
via the the SLHA interface [46]. The simulation at hadronic level has been performed using
the Fastjet-3.0.3 [47] with the CAMBRIDGE AACHEN algorithm with a jet size R = 0.5 for the
jet formation, chosen according to the following criteria:
• the calorimeter coverage is |η| < 4.5
• minimum transverse momenta of the jets pjetT,min = 20 GeV and the jets are ordered in
pT
• leptons (` = e, µ) are selected with pT ≥ 20 GeV and |η| ≤ 2.5
• no jet should be accompanied by a hard lepton in the event
• ∆Rlj ≥ 0.4 and ∆Rll ≥ 0.2
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Decay BP1 BP2 BP3
Modes mρ = 200 GeV mρ = 260 GeV mρ = 400 GeV
HH - 0.245 0.290
W±W∓ 0.639 0.478 0.408
ZZ 0.227 0.205 0.191
ττ 2.54× 10−4 7.8× 10−5 2.05× 10−5
γγ 9.28× 10−5 2.88× 10−5 4.33× 10−6
gg 0.131 0.0691 0.0390
Table 2.2: The benchmark points for a light dilaton with their mass-dependent decay branch-
ing ratios.
Decay Modes W±W∓ Z Z b¯b τ¯τ gg γ γ
H125 0.208 0.0259 0.597 0.0630 0.0776 2.30× 10−3
Table 2.3: The corresponding branching ratios of the SM Higgs boson with a mass of 125
GeV.
• Since an efficient identification of the leptons is crucial for our study, we additionally
require a hadronic activity within a cone of ∆R = 0.3 between two isolated leptons.
This is defined by the condition on the transverse momentum ≤ 0.15 p`T GeV in the
specified cone.
2.5.1 Benchmark points
We have carried out a detailed analysis of the signal and of the background in a possible
search for a light dilaton. For this purpose we have selected three benchmark points as
given in Table 2.2. The decay branching ratios given in Table 2.2 are independent of the
conformal scale. For the benchmark point 1 (BP1), the dilaton is assumed to be of light mass
of 200 GeV, and its decay to the H125 pair is not kinematically allowed. For this reason, as
already mentioned, we look for slightly different final states in the analysis of such points. It
appears evident that the dilaton may decay into gauge boson pairs when they are kinematically
allowed. Such decays still remain dominant even after that the tt¯ mode is open. This prompts
us to study dilaton decays into ZZ, WW via 3` and 4` final states. In the alternative case in
which the dilaton also decays into a SM Higgs pair (H125) along with gauge boson pairs, we
have additional jets or leptons in the final states. This is due to the fact that the H125 Higgs
decays to the WW and ZZ pairs with one of the two gauge bosons off-shell (see Table 2.3).
We select two of such points when this occurs, denoted as BP2 and BP3, which are shown in
Table 2.2. Below we are going to present a separate analysis for each of the two cases.
The leptons in the final state are produced from the decays of the gauge bosons, which can
come, in turn, either from the decay of the dilaton or from that of the H125. In such cases, for
a dilaton sufficiently heavy, the four lepton signature (4`) of the final state is quite natural
and their momentum configuration will be boosted. In Fig. 2.6(a) we show the multiplicity
distribution of the leptons and in Fig. 2.6(b) their pT distribution for the chosen benchmark
points. Here the lepton multiplicity has been subjected to some basic cuts on their transverse
momenta (pT ≥ 20) GeV and isolation criteria given earlier in this section. Thus soft and
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non-isolated leptons are automatically cut out from the distribution. From Fig. 2.6(b) it is
clear that the leptons in BP3 can have a very hard transverse momentum (pT ∼ 200 GeV), as
the corresponding dilaton is of 400 GeV. Notice that the di-lepton invariant mass distribution
in Fig. 2.7 presents a mass peak around mZ for the signal (BP2) but not for the dominant
SM top/antitop (tt¯) background. This will be used later as a potential selection cut in order
to reduce some of the SM backgrounds.
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Figure 2.6: The (a) lepton multiplicity and (b) lepton pT distribution for the benchmark
points.
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Figure 2.7: The di-lepton invariant mass distribution for the signal BP2 and the background
tt¯.
2.5.2 Light dilaton: mρ < 2mH125
In this subsection we analyse final states with at least three (≥ 3`+X+ 6ET ) and 4 (≥ 4`+X+ 6
ET ) leptons (inclusive) and missing transverse energy that can result from the decays of the
dilaton into ZZ, where we consider the potential SM backgrounds. The reason for considering
the 3` final states is because one of the four leptons (4`) could be missed. This is in general
possible due to the presence of additional kinematical cuts introduced when hadronic final
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Final states Benchmark Backgrounds
BP1 tt¯ tt¯Z tZW V V V V V
≥ 3`+ 6pT ≤ 30 GeV 494.97 275.52 65.17 22.29 6879.42 765.11
+ |mll −mZ | < 5 GeV 384.47 68.88 62.68 20.93 2514.92 16.16
+nbjet = 0 377.56 9.84 17.64 10.08 2479.66 15.13
Significance 7.00
L5 51 fb
−1
≥ 4`+ 6pT ≤ 30 GeV 273.96 0.00 3.32 1.36 1655.99 34.18
+ |mll −mZ | < 5 GeV 218.71 0.00 3.11 1.16 627.38 4.44
Significance 7.48
L5 45 fb
−1
Table 2.4: Numbers of events for the 3`+ 6pT and 4` final states for the BP1 and the dominant
SM backgrounds, at an integrated luminosity of 100 fb −1.
states are accompanied by leptons. We present a list of the number of events for the 3` and 4`
final states in Table 2.4 for BP1, and the dominant SM backgrounds at integrated luminosity
of 100 fb−1 at the LHC. The potential SM backgrounds come from the tt¯Z and tZW sectors,
from intermediate gauge boson pairs (V V ) and from the triple gauge boson vertices V V V
(V : W±, Z). Due to the large tt¯ cross-section, with the third and fourth lepton - which can
originate from the corresponding b decays - this background appears to be an irreducible one.
For this reason we are going to apply successive cuts for its further reduction, as described in
Table 2.4.
The primary signal that is considered is characterised by the kinematical cut 3`+ 6pT ≤ 30
GeV. The choice of a very low missing pT is justified because when both Z’s decay to charged
lepton pairs they give rise to ≥ 3` and ≥ 4` final states which are neutrinoless. The theoretical
prediction of no missing energy, however, cannot be fully satisfied as the missing transverse
momentum 6pT is calculated by estimating the total visible pT of the jets and of the leptons
after the threshold cuts. Next we demand the di-lepton be characterised by an invariant mass
around Z mass i.e., |mll −mZ | < 5 GeV, which reduces the tt¯, V V and V V V backgrounds
quite significantly. A further requirement of no b-jet ( i.e., nb = 0) reduces the tt¯,tt¯Z and tZW
backgrounds. By looking at the signal, we observe that these cuts do not affect the signal
number for BP1. After imposing all the cuts, we find that an integrated luminosity of O(51)
fb−1 is required for a 5σ reach in this final state. The demand of 4` of course reduces the
background but also reduces the signal event numbers. In this case O(45) fb−1 of integrated
luminosity is required for a 5σ discovery.
2.5.3 Heavy dilaton: mρ > 2mH125
In this case we consider points where mρ > 2mH125 , allowing decays of the dilaton to H125
pairs. For this purpose we have chosen two benchmark points, one with mρ = 260 GeV -
where the channel ρ→ H125H125 is just open - and another one with mρ = 400 GeV, where
even the ρ→ tt¯ channel is open. The decay mode via a H125 pair, in turn decaying into gauge
boson pairs, gives additional jets which accompany the 3` and 4` final states and help in a
further reduction of the SM backgrounds.
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Final states Benchmark Backgrounds
BP2 BP3 tt¯ tt¯Z tZW V V V V V
≥ 3` 3882.08 1642.28 10725.9 4790.19 1364.73 177140 53660.2
+nbjet = 0 3812.82 1627.53 5510.54 1550.38 664.92 176167 53604.8
+njet ≥ 2 2677.82 1255.06 2952.08 1469.43 579.62 29165.5 324.28
Significance 13.89 6.64
L5 130 fb
−1 568 fb−1
≥ 4` 1400.47 678.55 0.00 502.26 149.27 17338.1 2379.06
+njet ≥ 2 + nbjet = 0 865.68 448.68 0.00 147.36 48.46 2334.44 36.13
Significance 14.78 8.17
L5 114 fb
−1 374 fb−1
Table 2.5: We present the final state numbers for 4`+ 6pT final states for the benchmark points
and the dominant SM backgrounds at an integrated luminosity of 1000 fb −1.
Table 2.5 presents the number of expected events generated at the BP2 and BP3 bench-
mark points for the signal and for the dominant SM backgrounds. Here we have considered
≥ 3` GeV and ≥ 4` final states respectively, at an integrated luminosity of 1000 fb−1. The
dominant backgrounds are as before, and listed in Table 2.5. Notice that if we demand the
tagging of at least two additional jets and the b-jet veto, we can reduce the backgrounds
even further. The result shows that in the case of BP2 and BP3 a dilaton signal could be
discovered at an integrated luminosity of O(130) and O(570) fb−1 respectively for the ≥ 3`
final state. For the ≥ 4` f a 5σ discovery reach can be achieved even with 114 fb−1 and 374
fb−1 of integrated luminosity for BP2 and BP3 respectively.
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Figure 2.8: The invariant mass distribution for the benchmark points and the dominant SM
backgrounds for 4` and 2`2j final state respectively at an integrated luminosity of 100 fb−1.
Next we try to reconstruct the dilaton mass peak from the ≥ 4` and 2` 2j channels. In the
first case we consider the isolated 4`’s after enforcing the basic cuts, and then demand that the
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Number of events in
|m4` −mρ| ≤ 10 GeV
BP1 BP2 BP3
Signal 396 194 30
Background 108 77 18
Significance 17.64 11.78 4.33
Table 2.6: We present the events number for ≥ 4` final state around the dilaton mass peak,
i.e. |m4` −mρ| ≤ 10 GeV, for the benchmark points and the backgrounds at an integrated
luminosity of 100 fb−1.
Number of events in
|m``jj −mρ| ≤ 10 GeV
BP1 BP2 BP3
Signal 14727 8371 1390
Background 10887 6706 1234
Significance 92.02 68.17 27.13
Table 2.7: We present the events number for ≥ 2` final state around the dilaton mass peak, i.e.
|m2`2j −mρ| ≤ 10 GeV, for BP1, BP2, BP3 and the backgrounds at an integrated luminosity
of 100 fb−1.
di-leptons are coming from the Z boson mass peak. This guarantees that we are reconstructing
either the ρ→ ZZ or the ρ→ H125H125 → ZZ +X incoming channel. Fig. 2.8(a) shows the
plot of the invariant mass distributions m4` for all three benchmark points, along with the
dominant backgrounds. The presence of a clear mass peak certainly allows the reconstruction
of the dilaton mass. We have selected the number of events around the mass peaks, i.e.,
|m4`−mρ| ≤ 10 GeV for the benchmark points, which are shown in Table 2.6 at an integrated
luminosity of 100 fb−1. It is clear that for the BP1 and BP2 benchmark points the mass peak
can be resolved with very early data at the LHC, with a 14 TeV run.
Fig. 2.8(b) shows the invariant mass distribution, where we consider a pair of charged leptons
around the Z mass peak, i.e., |m`` −mZ | < 5 GeV as well as a pair of jets, i.e., |mjj −mZ | <
10 GeV. Such di-jet pairs and di-lepton pairs are then taken in all possible combinatorics
to evaluate the m``jj mass distribution, as shown in Fig. 2.8(b). Clearly the Y axis of the
figure shows such possible pairings and the X axis indicates the mass scale. We see the
right combinations peak, which sits around the benchmark points. We have also taken the
dominant backgrounds with their combinatorics to reproduce the invariant mass m``jj . In
Table 2.7 we list the results around the mass peak, i.e. for |m2`2j −mρ| ≤ 10 GeV. It is easily
observed that such constraint can be a very handy guide to identify the resonance mass peak
using very early data at the LHC with 14 TeV.
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2.6 Perspectives on compositeness and ξ dependence
In our analysis the dilaton has been treated as a fundamental state, with interactions which
are dictated from Eq. (2.2). The perturbative analysis that follows from this interaction
does not take into account possible effects of compositeness, which would involve the wave
function of this state both in its production and decay. In this respect, this treatment is
quite similar to the study of the pi → γγ decay using only the divergence of the interpolating
axial-vector current rather then the pion itself, with its hadronic wave function now replaced
by the divergence of the dilatation current JD. Those effects could modify the predictions
that emerge from our analysis.
Another possible modification of our results will be certainly linked to a nonzero value of the
ξ parameter. The search for a valuable signal of a nonminimal dilaton at the LHC requires a
completely independent calibration of the kinematical cuts that we have discussed. While we
hope to address this point in a future work, we can however obtain a glimpse of the dependence
of the signal (production/decays) as a function of ξ.
This behaviour is clearly illustrated in Fig. 2.9 where the decay into massless and massive
states of a conformal dilaton are dependent on the improvement coefficient ξ. Fig. 2.9(a),
(d) show the decay branching fraction to gluon and photon pair respectively. We see that
for ξ = 1/6 they are enhanced compared to other values of ξ. Similarly, the massive gauge
bosons modes are suppressed for ξ = 1/6 as can be seen from Fig. 2.9(b),(c). In Fig. 2.10 we
present the production cross-sections for di-gluons and di-photon final states. Notice that for
ξ = 1/6 these two modes have much larger rates than for other ξ cases. Unlike the minimal
case of ξ = 0, the ξ = 1/6 can be studied via di-jet or di-photon final states.
It is expected that a dilaton which arises from the breaking of a conformal symmetry
should be described by a conformal coupling ξ = 1/6, at least in the high energy limit. The
signature of such a state, if composite, is in the anomaly pole of correlators involving the
dilatation current and two vector currents, as pointed out in [8]. The dilatation current
inherits the same pole from the TV V correlator [5, 48, 49] while the explicit/non perturbative
breaking of the conformal symmetry would then be responsible for the generation of its mass.
In a more general framework, the possibility of having similar states in superconformal theories
has been extensively discussed in [25] from a perturbative side. It has been shown, for instance,
that classical superconformal theories are characterised by a complete alignment in their
conformal anomaly multiplets. An axion/dilaton/dilatino composite multiplet would then be
the natural manifestation of this alignment found in the superconformal anomaly action.
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Figure 2.9: The decay branching ratios of the dilaton (a) to gluons, (b)-(c) massive gauge
bosons and (d) photons pairs for different ξ parameters.
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Figure 2.10: Di-gluon and di-photon signal of a dilaton for a varying ξ.
Chapter 3
The Higgs sectors with an SU(2)
Triplet in a Superconformal Theory
3.1 Synopsis
In this and in the following chapter we are going to investigate a superconformal model
with an extended Higgs sector, from a strict phenomenological perspective. The model is
characterised by a superpotential which includes a triplet superfield of SU(2) and a singlet.
We will be investigating this theory in a phase in which supersymmetry is broken, and, from
this perspective, the effects of the superconformal symmetry are masked by the presence of
soft-breaking mass terms. We anticipate that as a result of this analysis, three massless states
of the physical spectrum, H4, A1 and χ10 should be identified as the Goldstone modes of a
superconformal symmetry. The first is a scalar state, the second a pseudoscalar, and the third
a neutralino. The main features of the scalar sector and the corresponding bounds on the
parameter space of this model emerging from the recent experimental data are discussed.
3.2 Introduction
With the recent discovery of the Higgs boson at the Large Hadron Collider, the mechanism
responsible for the breaking of the electroweak symmetry has finally been uncovered and it
has been shown to involve at least one scalar field along the lines of the Standard Model (SM)
description. This discovery has removed, at least in part, previous doubts about the real
existence of a scalar with Higgs-like properties in our Universe. Both the CMS [50, 51] and
the ATLAS [52] experimental collaborations have confirmed the discovery of a Higgs boson,
by an analysis of the γγ, ZZ∗, and WW ∗ decay channels of the Higgs particle - as predicted
by the Standard Model (SM) - at a confidence level of more than 5σ, except for the WW ∗
decay rate, which has been recorded with a 4.7σ accuracy by CMS [51]. The fermionic decay
modes, instead, have still to reach the 5σ accuracy, and show some disagreement in the results
elaborated by the two experimental collaborations. Clearly, the disagreement of the experi-
mental results with the predictions from the SM opens the possibility of further investigation
of the Higgs sector.
For such reasons, it is widely believed that the SM is not a complete theory, being not able,
for instance, to account for the neutrino masses, but also for being affected, in the scalar sec-
tor, by the gauge hierarchy problem [53]. The widespread interest in the study of a possible
supersymmetric extension of this model has always being motivated with the goal of finding
a natural and elegant solution to this problem. In fact, supersymmetry protects the Higgs
mass from the undesired quadratic divergences introduced by the radiative corrections in the
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scalar sector of the SM, and it does so by the inclusion of superpartners.
In the minimal supersymmetric extension of the SM (MSSM) the conditions of analyticity
of the superpotential and of absence of the gauge anomalies require a minimal extensions of
the scalar sector with two Higgs superfields, in the forms of SU(2) doublets carrying opposite
hypercharges (Y ). Supersymmetric extensions are, in general, characterized by a large set
of additional parameters which render their phenomenological study quite involved. For this
reason, in the near past, the interest has turned towards models, such as the constrained min-
imal supersymmetric extension (cMSSM/mSUGRA), with only 5 new parameters, generated
at a large supergravity scale, quite close to the Planck scale [54].
Unlike the SM case, in the MSSM the tree-level mass of the lightest Higgs (h1) mh1 is
not a free parameter but it is constrained to lay below the mass of the Z gauge boson, mZ
(mh1 ≤ mZ). This constraint has been in tension with the results of the experimental searches
at LEP-2 which have failed to detect any CP-even Higgs below mZ and which had established
a lower bound of 114.5 GeV for the SM Higgs boson [55]. With the recent discovery of a
CP-even Higgs boson around 125 GeV [50, 51, 52] the resolution of this conflict is, therefore,
mandatory.
To avoid the conflict between the MSSM prediction for the Higgs and the LHC results,
one needs to consider the effect of the radiative corrections which could lift the bound on the
Higgs mass in this model. It has been shown - and it is now well known - that in the case of
the MSSM the significant radiative corrections come from the stop-top corrections, specially
at low tanβ, due to large Yukawa couplings and to the presence of colour charges. This has
triggered analysis envisioning scenarios with a heavy stop, which require a very high supersym-
metric (SUSY) scale for the most constrained supersymmetric models like mSUGRA/cMSSM,
AMSB, etc [56]. In the case of the phenomenological MSSM (pMSSM) there are two possi-
bilities: a very large third generation SUSY mass scale and/or a large splitting between the
stop mass eigenstates [57]. The second case leads to large soft trilinear couplings >∼ 2 TeV
[57], which brings back the fine-tuning problem in a different way. A possible way to address
the fine tuning problem is to consider an extended Higgs sector. In this respect, there are
some choices which could resolve it, based on the inclusion of one singlet [58] and of one
or more triplet superfields of appropriate hypercharges [59]. In particular, the addition of
a Y = 0 hypercharge superfield gives large tree-level as well as one-loop corrections to the
Higgs masses, and relaxes the fine tuning problem of the MSSM by requiring a lower SUSY
mass scale [60, 61]. There are some special features of these extensions which are particu-
larly interesting and carry specific signatures. For instance, the addition of a (Y = 0,±2
hypercharge) - (SU(2) triplet) Higgs sector induces H± −W∓ − Z couplings mediated by
the non-zero vacuum expectation value (vev) of the Higgs triplet, due to the breaking of the
custodial symmetry [62, 63]. Other original features of the Y = ±2 hypercharge triplets are
the presence of doubly charged Higgs in the spectrum [64]. There are also other significant
constraints which are typical of these scenarios, and which may help in the experimental
analysis. In the supersymmetric Higgs triplet extension, the vev of the triplet vT is highly
constraints by the ρ parameter [65], which leads to vT . 5 GeV in the case of Y = 0 triplets.
In the same case, this value of vT can account for the value of the mixing parameter µD
of the 2-Higgs doublets (or µ-term), which remains small in the various possible scenarios.
Another dynamical way to generate a µD term is by adding a SM gauge singlet superfield
to the spectrum [58], as in the NMSSM. Thus a triplet-singlet extended supersymmetric SM
built on the superpotential of the MSSM, can address both the fine tuning issue and resolve,
at the same time, the problem of the µ-term of the two Higgs doublets [66, 67, 68]. We will
see that the addition of a discrete symmetry in this model removes the mass terms from the
superpotential and its continuum limit generates a Nambu-Goldstone pseudoscalar particle in
the spectrum, characterising some of its most significant features.
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In the MSSM we have two Higgs doublets giving masses to up and down type quarks
respectively. After EWSB we have two CP-even light neutral Higgs bosons among which one
can be the discovered Higgs around 125 GeV, a CP-odd neutral Higgs boson and a charged
Higgs boson pair. Observation of a charged Higgs boson will be a obvious proof of the existence
of another Higgs doublet which is necessary in the context of supersymmetry. Searches for
the extended Higgs sector by looking for charged Higgs boson at the LHC are not new. In
fact, both the CMS and ATLAS collaborations have investigated scenarios with charged Higgs
bosons, even under the assumption of these being lighter than the top quark (mH± ≤ mt).
In this case, the channel in question has been the pp → tt¯ production channel, with one of
the top decaying into bH±. In the opposite case of a charged Higgs heavier than the top
(mH± ≥ mt), the most studied channels have been the bg → tH± and pp → tbH±, with
the charged Higgs decaying into τντ [69, 70]. We recall that both doublet type charged and
neutral Higgs bosons couple to fermions with Yukawa interactions which are proportional to
the mixing angle of the up and down type SU(2) doublets. The extension of the MSSM with
a SM gauge singlet, i.e. the NMSSM [71], has a scalar which does not couple to fermions
or gauge bosons thus changes the search phenomenology. Similar extensions are possible
with only SU(2) triplet superfields with Y = 0 ± 2 hypercharges [72, 73, 74, 75, 76]. In the
case of Y = 0, the neutral part of the triplet scalar does not couple to Z boson and does
not contribute to Z mass, whereas non-zero hypercharge triplets contribute both in W± and
Z mass. The supersymmetric extensions of the Higgs sectors with Z3 symmetry have the
common feature of a light pseudoscalar in the spectrum, known as R-axion in the literature.
Such feature is common to NMSSM with Z3 symmetry [71] and also to extensions with singlet
and triplet(s) with appropriate hypercharges [77, 78, 66, 79]. In this article we consider an
extension of the MSSM with SU(2) triplet superfield of Y = 0 hypercharge and SM gauge
singlet superfield, named as TNMSSM [77, 78], with Z3 symmetry. The main motivation to
work with Y = 0 triplet is that it is the simplest triplet extension in supersymmetric context,
where the triplet only contribute in W± mass. For a model with non-zero hypercharges we
need at least two triplets and also we get constrained from both W± and Z masses [79].
The light pseudoscalar in this model is mostly singlet and hence does not have any coupling
to fermions or gauge bosons. For this reason such light pseudoscalar is still allowed by the
earlier LEP [55] data and current LHC data[50, 51, 52]. Similarly the triplet type Higgs
bosons also do not couple to fermions [72, 73, 74, 75] which makes a light triplet-like charged
Higgs still allowed by the charged Higgs searches [69, 70] and such Higgs bosons have to
looked for in different production as well as decay modes. General features of this model have
been presented in [77], while a more detailed investigation of the hidden pseudoscalar has
been discussed by us in [78]. Existence of the light pseudoscalar makes the phenomenology
of the Higgs sector very rich for both the neutral and the charged sectors along with other
signatures. In the TNMSSM we have three physically charged Higgs bosons h±1,2,3, two of
which are triplet type in the gauge basis. The neutral part of the Higgs sector has four CP-
even (h1,2,3,4) and three CP-odd sectors (a1,2,3) states. In the gauge basis two of CP-even
states are doublet-like one of which should be the discovered Higgs around 125 GeV, one
triplet type and one singlet type. For the CP-odd states, there are one doublet type, one
triplet type and one singlet type. Often it is the singlet-like pseudoscalar which becomes very
light, which makes the phenomenology very interesting. The mass spectrum often splits into
several regions with distinctively doublet/triplet blocks. The goal of our analysis will be to
address the main features of this complete spectrum, characterising its main signatures in the
complex environment of a hadron collider.
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3.3 The Model
We consider a scale invariant superpotential WTNMSSM with an extended Higgs sector con-
taining a Y = 0 SU(2) triplet Tˆ and a SM gauge singlet Sˆ (see [66, 67]) on top of the
superpotential of the MSSM. We recall that the inclusion of the singlet superfield on the
superpotential of the MSSM realizes the NMSSM superpotential. We prefer to separate the
complete superpotential of the model into a MSSM part,
WMSSM = ytUˆHˆu ·Qˆ− ybDˆHˆd ·Qˆ− yτ EˆHˆd ·Lˆ , (3.1)
where ”·” denotes a contraction with the Levi-Civita symbol ij , with 12 = +1, and combine
the singlet superfield (Sˆ) and the triplet contributions into a second superpotential
WTS = λT Hˆd · Tˆ Hˆu + λSSHˆd · Hˆu + κ
3
S3 + λTSSTr[T
2] (3.2)
with
WTNMSSM = WMSSM +WTS . (3.3)
The triplet and doublet superfields are given by
Tˆ =
√12 Tˆ 0 Tˆ+2
Tˆ−1 −
√
1
2 Tˆ
0
 , Hˆu = (Hˆ+u
Hˆ0u
)
, Hˆd =
(
Hˆ0d
Hˆ−d
)
. (3.4)
Here Tˆ 0 is a complex neutral superfield, while Tˆ−1 and Tˆ
+
2 are the charged Higgs superfields.
Note that (Tˆ−1 )
∗ 6= Tˆ+2 . Only the MSSM Higgs doublets couple to the fermion multiplet via
Yukawa coupling as in Eq. (3.1), while the singlet and the triplet superfields generate the
supersymmetric µD term after their neutral parts acquire vevs, as shown in Eq. (3.2).
In any scale invariant supersymmetric theory with a cubic superpotential, the complete
Lagrangian with the soft SUSY breaking terms has an accidental Z3 symmetry, the invariance
after the multiplication of all the components of the chiral superfield by the phase e2pii/3. Such
terms are given by
Vsoft = m
2
Hu |Hu|2 + m2Hd |Hd|2 + m2S |S|2 + m2T |T |2 + m2Q|Q|2 +m2U |U |2 + m2D|D|2
+(ASSHd.Hu + AκS
3 + ATHd.T.Hu + ATSSTr(T
2)
+AUUHU .Q + ADDHD.Q+ h.c), (3.5)
while the D-terms are given by
VD =
1
2
∑
k
g2k(φ
†
i t
a
ijφj)
2. (3.6)
In this article we assume that all the coefficients involved in the Higgs sector are real in
order to preserve CP invariance. The breaking of the SU(2)L×U(1)Y electroweak symmetry
is obtained by giving real vevs to the neutral components of the Higgs fields
< H0u >=
vu√
2
, < H0d >=
vd√
2
, , < S >=
vS√
2
< T 0 >=
vT√
2
, (3.7)
which give mass to the W± and Z bosons
m2W =
1
4
g2L(v
2 + 4v2T ), m
2
Z =
1
4
(g2L + g
2
Y )v
2, v2 = (v2u + v
2
d). (3.8)
and also generate the µD =
λS√
2
vS +
λT
2 vT term.
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The non-zero triplet contribution to the W± mass leads to a deviation of the tree-level
expression of the ρ parameter
ρ = 1 + 4
v2T
v2
. (3.9)
Thus the triplet vev is strongly constrained by the global fit on the measurement of the ρ
parameter [65]
ρ = 1.0004+0.0003−0.0004, (3.10)
which restricts its value to vT ≤ 5 GeV. In our numerical analysis we have chosen vT = 3
GeV.
3.4 Tree-level Higgs masses
To determine the tree-level mass spectrum, we first consider the tree-level minimisation con-
ditions,
∂ΦiV |vev = 0; V = VD + VF + Vsoft, < Φi,r >=
vi√
2
, Φi = H
0
u, H
0
d , S, T
0, (3.11)
where we have defined the vacuum parameterizations of the fields in the Higgs sector as
H0u =
1√
2
(H0u,r+iH
0
u,i), H
0
d =
1√
2
(H0d,r+iH
0
d,i), S =
1√
2
(Sr+iSi), T
0 =
1√
2
(T 0r +iT
0
i ).
(3.12)
from which the soft-breaking masses are derived in the form
m2Hu =
vd
2 vu
(√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
))
− 1
2
(
λ2S
(
v2d − v2S
)
+
1
2
λ2T
(
v2d + v
2
T
)
+
√
2λSvSλT vT
)
+
1
8
(v2d − v2u)
(
g2L + g
2
Y
)
, (3.13)
m2Hd =
vu
2 vd
(√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
))
− 1
2
(
λ2S
(
v2u + v
2
S
)
+
1
2
λ2T
(
v2u + v
2
T
)−√2λSvSλT vT)
+
1
8
(v2u − v2d)
(
g2L + g
2
Y
)
, (3.14)
m2S =
1
2
√
2vS
(
vT
(
λT
(
λS
(
v2d + v
2
u
)− 2vdvuλTS)− 2ATSvT )+ 2ASvdvu)
− AκvS√
2
+ κvdvuλS − 1
2
λ2S
(
v2d + v
2
u
)− κ2v2S − κv2TλTS − 2v2Tλ2TS , (3.15)
m2T =
1
4vT
(√
2vSλT
(
λS
(
v2d + v
2
u
)− 2vdvuλTS)− 2AT vdvu)−√2ATSvS
+ λTS
(
vdvuλS − v2S (κ+ 2λTS)
)− 1
4
λ2T
(
v2d + v
2
u
)− v2Tλ2TS . (3.16)
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It can be shown that the second derivative of the potential with respect to the fields satisfy
the tree-level stability constraints. The neutral CP-even mass matrix in this case is 4-by-4,
since the mixing terms involve the two SU(2) Higgs doublets, the scalar singlet S and the
neutral component of the Higgs triplet. After electroweak symmetry breaking, the neutral
Goldstone gives mass to the Z boson and the charged Goldstone bosons give mass to the W±
boson. Being the Lagrangean CP-symmetric, we are left with four CP-even, three CP-odd
and three charged Higgs bosons as shown below
CP− even CP− odd charged
h1, h2, h3, h4 a1, a2, a3 h
±
1 , h
±
2 , h
±
3 . (3.17)
The neutral Higgs bosons are combination of doublets, triplet and singlet, whereas the charged
Higgses are a combination of doublets and triplet only. We will denote with mhi the corre-
sponding mass eigenvalues, assuming that one of them will coincide with the 125 GeV Higgs
(h125) boson detected at the LHC. The scenarios that we consider do not assume that this is
the lightest eigenvalue which is allowed in the spectrum of the theory. Both scenarios with
lighter and heavier undetected Higgs states will be considered. In particular, we will refer to
those in which one or more Higgses with a mass lower than 125 GeV is present, to hidden
Higgs scenarios.
At tree-level the maximum value of the lightest neutral Higgs has additional contributions
from the triplet and the singlet sectors respectively. The numerical value of the upper bound
on the lightest CP-even Higgs can be extracted from the relation
m2h1 ≤ m2Z(cos2 2β +
λ2T
g2L + g
2
Y
sin2 2β +
2λ2S
g2L + g
2
Y
sin2 2β), tanβ =
vu
vd
, (3.18)
which is affected on its right-hand-side by two additional contributions from the triplet and
singlet. These can raise the allowed tree-level Higgs mass. Both contributions are proportional
to sin 2β, and thus they can be large for a low value of tanβ, as shown in Figure 3.1. The plots
indicate that for higher values of λT,S a lightest tree-level Higgs boson mass of ∼ 125 GeV
can be easily achieved. For general parameters, the required quantum corrections needed in
order to raise the mass bound are thus much smaller compared to the MSSM. In the case of
the MSSM, as we have already mentioned, at tree-level mh ≤ mZ , and we need a correction
>∼ 35 GeV to match the experimental value of the discovered Higgs boson mass, which leads
to a fine-tuning of the SUSY parameters. In fact, this requires that the allowed parameter
space of the MSSM is characterized either by large SUSY masses or by large splittings among
the mass eigenvalues. In fact, this requires that the allowed parameter space of the MSSM is
characterized either by large SUSY masses or by large splittings among the mass eigenvalues.
We have first investigated the tree-level mass spectrum for the Higgs bosons and analysed the
prospect of a ∼ 125 GeV Higgs boson along with the hidden Higgs scenarios. We have looked
for tree-level mass eigenvalues where at least one of them corresponds to the Higgs discovered
at the LHC. For this purpose we have performed an initial scan of the parameter space
|λT,S,TS | ≤ 1, |κ| ≤ 3, |vs| ≤ 1 TeV, 1 ≤ tanβ ≤ 10, (3.19)
and searched for a CP-even Higgs boson around 100 − 150 GeV, assuming that at least one
of the 4 eigenvalues mhi will fall within the interval 123 GeV ≤ mhi ≤ 127 GeV at one-loop.
Figure 3.2(a) presents the mass correlations between mh1 and mh2 , where we have a CP-
even neutral Higgs boson in the 100 ≤ mhi ≤ 150 GeV range. The candidate Higgs boson
around 125 GeV will be determined at one loop level by including positive and negative
radiative corrections in the next section. The mass correlation plot at tree-level shows that
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Figure 3.1: Tree-level lightest CP-even Higgs mass maximum values with respect to tanβ for
(i) λT = 0.8, λS = 0.1 (in red), (ii)λT = 0.1, λS = 0.8 (in green ) and (iii) λT = 0.8, λS = 0.8
(in blue).
there are solutions with very light h1, mh1 ≤ 100 GeV, which should be confronted with
LEP data [55]. At LEP were conducted searches for the Higgs boson via the e+e− → Zh
and e+e− → h1h2 channels (in models with multiple Higgs bosons) and their fermionic decay
modes (h → bb¯, τ τ¯ and Z → ``). The higher centre of mass energy at LEP II (210 GeV)
allowed to set a lower bound of 114.5 on the SM-like Higgs boson and of 93 GeV for the
MSSM-like Higgs boson in the maximal mixing scenario [55]. Interestingly, neither the triplet
(in our case) nor the singlet type Higgs boson couple to Z or to leptons (see Eq. (3.2)), and
as such they are not excluded by LEP data.
We mark such points with ≥ 90% triplet/singlet components, which can evade the LEP
bounds, in green. In Figure 3.2(a) one can immediately realize that the model allows for some
very light Higgs bosons (mh1 ≤ 100 GeV). We expect that the possibility of such a hidden
Higgs would be explored at the LHC with 14 TeV centre of mass energy, whereas the points
where h1 is mostly a doublet (≥ 90%) could be ruled out by the LEP data. The points with
the mixed scenario for h1 (with doublet, triplet and singlet) are marked in blue. We remark
that a triplet of non-zero hypercharge will not easily satisfy the constraints from LEP, due to
its coupling to the Z boson.
For the points with mh1/a1 ≤ 100 GeV which are mostly doublet (red ones) it is very hard
to satisfy the LEP bounds [55]. This is because, being doublet like, such h1 would have been
produced at LEP and decayed to the fermionic pairs, which have been searched extensively
at LEP. On the other hand the singlet and triplet like points (green points) are very difficult
to produce at LEP due to the non-coupling to Z boson, which was one of the dominant
production channel. This is true for both e+e− → Zh1 and e+e− → h1a1. Such triplet and
singlet like points will reduce the decay widths in charged lepton pair modes due to non-
coupling with fermions. These make the green points more suitable candidate for the hidden
Higgs bosons, both for the CP-even and CP-odd. However such parameter space would be
highly constrained from the data of the discovered Higgs boson around 125 GeV at the LHC.
So far the discovery of the Higgs boson at the LHC has reached 5σ or more in the channels
h125 → γγ,WW ∗, ZZ∗. Effectively this could be satisfied by the candidate Higgs around
125 GeV which is mostly doublet like and its decay branching fractions should be within the
uncertainties give by CMS and ATLAS experiments at the LHC. Such requirements rule out
vast number of parameter points, including some the triplet and/or signet like hidden Higgs
54
20 40 60 80 100 120 140
mh1
500
1000
1500
2000
mh2
(a)
500 1000 1500 2000 2500 3000 3500
mh3
1000
2000
3000
4000
mh4
(b)
Figure 3.2: Tree-level CP-even Higgs mass correlations (a) mh1 vs mh2 and (b) mh3 vs mh4 ,
where we have a candidate ∼ 125 GeV Higgs boson. The colors refers to the character of the
h1 mass eigenstate, describing the weights of the doublet, singlet and triplet contributions in
their linear combinations. Red points are > 90% doublets-like, the green points are either
≥ 90% triplet-like or singlet-like and blue points are mixtures of doublet and triplet/singlet
components. The linear combinations corresponding to green points are chosen to satisfy the
constraints from LEP onto Z and lepton final states.
boson(s). In section 3.10 we consider such constrains coming from the Higgs data at LHC
and the existing data from LEP.
Figure 3.2(b) shows the mass correlation between h3 and h4 for the the same region (3.19)
of the parameter space. We see that although there are points characterized by a mass mh3
lighter than 500 GeV, states with mh4 ≤ 500 GeV are less probable. Figure 3.3 shows the
mass correlations of the CP-odd neutral Higgs bosons. Specifically, Figure 3.3(a) presents
the analysis of the mass correlation between a1 and a2. The plot shows that there exists the
possibility of having a pseudo-scalar a1 lighter than 100 GeV, accompanied by a CP-even
∼ 125 GeV Higgs boson. Note that a very light pseudoscalar Higgs in the MSSM gets strong
bounds from LEP [55]. In this case, for a high tanβ, the pair production process e+e− → hA,
where A is the pseudoscalar of the MSSM, is the most useful one, providing limits in the
vicinity of 93 GeV for mA [55]. In the TNMSSM instead, if the light pseudoscalar Higgs
bosons are either of triplet or singlet type then they do not couple to the Z, which makes it
easier for these states to satisfy the LEP bounds. For this purpose, points which are mostly-
triplet or -singlet (90%) have been marked in green; points which are mostly-doublet (90%) in
red, whereas the mixed points have been marked in blue as before. Certainly, mass eigenvalues
labelled in green would be much more easily allowed by the LEP data, but they would also
be able to evade the recent bounds from the LHC Hττ decay mode for a pseudoscalar Higgs
[80]. This occurs because neither the triplet nor the singlet Higgs boson couple to fermions
(See Eq. (3.2)). Figure 3.3(b) presents the correlation between a2 and a3 where the same
colour code applies for the structure of a2. As one can easily realize from the figure, there are
plenty of green coloured points which represent triplet/singlet type a2 states, which can easily
evade the recent bounds on pseudoscalar states derived at the LHC [80]. Figure 3.4 shows
the correlation of the three charged Higgs bosons for the region in parameter space where we
can have a ∼ 125 GeV Higgs candidate. Figure 3.4(a) shows that there are allowed points
for a charged Higgs of light mass (mh±1
<∼ 200 GeV) correlated with a heavier charged Higgs
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Figure 3.3: Tree-level CP-odd Higgs mass correlations (a) ma1 vs ma2 and (b) ma2 vs ma3 ,
where we have a candidate ∼ 125 GeV Higgs boson. The red points are > 90% doublets-like
and the green points are ≥ 90% triplet-like. The blue points are mixtures of doublet and
triplet components for a1 in (a) and for a2 in (b) respectively.
h±2 . Only Higgses of doublet and triplet type can contribute to the charged Higgs sector.
We have checked the structure of the lightest charged Higgs h±1 in Figure 3.4(a), where the
red points correspond to ≥ 90% doublet, while the green points correspond to ≥ 90% triplet
and the blue points to doublet-triplet mixed states. Charged Higgs bosons which are mostly
triplet-like in their content (the green points) do not couple to the fermions (see Eq. (3.2)),
and thus can easily evade the bounds on the light charged Higgs derived at the LHC from the
H± → τν decay channel [81]. This kind of triplet charged Higgs boson would also be hard
to produce from the conventional decay of the top quark and the new production modes as
well as the decay modes will open up due to the new vertex h±i − Z −W∓ [63]. Thus vector
boson fusion (VBF) with the production of a single charged Higgs is a possibility due to a
non-zero h±i −Z−W∓ vertex [63]. Apart from the h±i → ZW± channels, the h±i → a1(h1)W±
channels are also allowed, for very light neutral Higgs bosons (a1/h1). Figure 3.4(b) presents
the correlation between mh±2
and mh±3
. We have used for h±2 the same colour conventions as
in the previous plots. We see that there are only few triplet type h±2 (green points), most of
the allowed mass points being doublet-triplet mixed states (blue points).
3.5 Strong and weak sectors
The TNMSSM scenario has an additional triplet which is colour singlet and electroweak
charged and a singlet superfields (see Eq. (3.2)) not charged under SU(3)c×SU(2)L×U(1)Y .
Therefore, the strong sector of the model is the same of the MSSM, but supersymmetric F-
terms affect the fermion mass matrices, and contribute to the off-diagonal terms. It generates
additional terms in the stop mass matrix from the triplet and singlet vevs, which will be
shown below. These terms are proportional to λT vT and λSvS respectively, and allow to
generate an effective µD-term in the model. The triplet contribution is of course restricted,
due to the bounds coming from the ρ parameter [65]. Thus, a large effective µD term can be
spontaneously generated by the vev of the singlet, vS .
Figure 3.5 shows the mass splitting between the t˜2 and t˜1 stops versus λS , for several vS
choices and with At = 0. Large mass splittings can be generated without a large parameter
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Figure 3.4: Tree-level charged Higgs mass correlations (a) mh±1
vs mh±2
and (b) mh±2
vs mh±3
,
where we have a candidate ∼ 125 GeV Higgs boson. The red points are > 90% doublets-like
and the green points are ≥ 90% triplet- or singlet-like. The blue points are mixture of doublet
and triplets/singlets, for h±1 in (a) and for h
±
2 in (b) respectively.
At, by a suitably large vS , which is a common choice if the singlet is gauged respect to an extra
U(1)′ [82], due the mass bounds for the additional gauge boson Z ′ [83]. The mass matrices
for the stop and the sbottom are given by
Mt˜ =

m2t +m
2
Q3
+ 124
(
g2Y − 3g2L
) (
v2u − v2d
)
1√
2
Atvu +
Ytvd
2
(
vTλT√
2
− vSλS
)
1√
2
Atvu +
Ytvd
2
(
vTλT√
2
− vSλS
)
m2t +m
2
u¯3 +
1
6
(
v2d − v2u
)
g2Y
(3.20)
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Figure 3.5: The mass splitting between the stop mass eigen states (t˜2,1) vs λS for At = 0 with
vS = 500, 1000, 2000 GeV respectively.
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)
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2
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(
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)
g2Y
(3.21)
In the electroweak sector the neutralino (χ˜0i=1,..6 ) and chargino (χ˜
±
i=1,2,3 ) sector are
enhanced due to the extra Higgs fields in the superpotential given in (3.2). The neutralino
sector is now composed of B˜, W˜3, H˜u, H˜d, T˜0, S˜. The corresponding mass matrix is thus now
6-by-6 and given by
Mχ˜0 =

M1 0 −12gY vd 12gY vu 0 0
0 M2
1
2gLvd −12gLvu 0 0
−12gY vd 12gLvd 0 12vTλT − 1√2vSλS
1
2vuλT − 1√2vuλS
1
2gY vu −12gLvu 12vTλT − 1√2vSλS 0
1
2vdλT − 1√2vdλS
0 0 12vuλT
1
2vdλT
√
2vSλTS
√
2vTλTS
0 0 − 1√
2
vuλS − 1√2vdλS
√
2vTλTS
√
2κvS .

(3.22)
The triplino (T˜0) and the singlino (S˜) masses and mixings are spontaneously generated by
the corresponding vevs. The triplino and singlino are potential dark matter candidates and
have an interesting phenomenology as they do not couple directly to the fermion superfields.
The doublet-triplet(singlet) mixing is very crucial in determining the rare decay rates as well
as the dark matter relic densities.
Unlike the neutralino sector, the singlet superfield does not contribute to the chargino
mass matrix, and hence the MSSM chargino mass matrix is extended by the triplets only.
The chargino mass matrix in the basis of W˜+, H˜+u , T˜
+
2 (W˜
−, H˜−d , T˜
−
1 ) takes the form
Mχ˜± =
 M2
1√
2
gLvu −gLvT
1√
2
gLvd
1√
2
vSλS +
1
2vTλT
1√
2
vuλT
gLvT − 1√2vdλT
√
2vSλTS
 . (3.23)
The chargino decays also have an interesting phenomenology due to the presence of a doublet-
triplet mixing.
3.6 Higgs masses at one-loop
To study the effect of the radiative correction to the Higgs masses, we calculate the one-loop
Higgs mass for the neutral Higgs bosons via the Coleman-Weinberg effective potential given
in Eq. (3.24)
VCW =
1
64pi2
STr
[
M4
(
ln
M2
µ2r
− 3
2
)]
, (3.24)
where M2 are the field-dependent mass matrices, µr is the renormalization scale, and the
supertrace includes a factor of (−1)2J(2J + 1) for each particle of spin J in the loop. We have
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omitted additional charge and colour factors which should be appropriately included. The
corresponding one-loop contribution to the neutral Higgs mass matrix is given by Eq. (3.25)
(∆M2h)ij =
∂2VCW(Φ)
∂Φi∂Φj
∣∣∣∣
vev
− δij〈Φi〉
∂VCW(Φ)
∂Φi
∣∣∣∣
vev
=
∑
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1
32pi2
∂m2k
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∂m2k
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ln
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∣∣∣∣
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32pi2
m2k
∂2m2k
∂Φi∂Φj
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)∣∣∣∣
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−
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32pi2
m2k
δij
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∂Φi
(
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− 1
)∣∣∣∣
vev
, Φi,j = H
0
u,r, H
0
d,r, Sr, T
0
r . (3.25)
Here, m2k is the set of eigenvalues of the field-dependent mass matrices given in the equation
above, and we remind that the real components of the neutral Higgs fields are defined as
H0u =
1√
2
(H0u,r + iH
0
u,i), H
0
d =
1√
2
(H0d,r + iH
0
d,i),
S = 1√
2
(Sr + iSi), T
0 = 1√
2
(T 0r + iT
0
i ). (3.26)
.
For simplicity we drop the supertrace expressions in Eq. (3.25), but for each particle the
supertrace coefficient should be taken into account.
Having characterized the entire sector of the TNMSSM, we gear up for the numerical
evaluation of the one-loop neutral Higgs masses in the model. We have already seen in
Eq. 3.18 that for low tanβ the contribution of the radiative corrections required in order to
reach the ∼ 125 GeV Higgs mass, overcoming the tree-level bound in (3.17), is reduced. This
is due to the additional Higgs and higgsinos running in the loops. In our analysis we have
chosen the following subregion of the parameter space
|λT,S,TS | ≤ 1, |κ| ≤ 3, |vs| ≤ 1 TeV, 1 ≤ tanβ ≤ 10,
|AT,S,TS,U,D| ≤ 500, |Aκ| ≤ 1500, m2Q3,u¯3,d¯3 ≤ 1000, (3.27)
65 ≤ |M1,2| ≤ 1000,
that we have used in the computation of the Higgs boson mass. In this scan, we have included
the radiative corrections to the mass eigenvalues at one-loop order of the neutral sector and
retained only those sets of eigenvalues which contain one 125 GeV CP-even Higgs. We have
selected the range 65 ≤ |M1,2| ≤ 1000 in order to avoid the constraints on the Higgs invisible
decay and use µr = 500 GeV for the numerical calculation.
Figure 3.6 shows the radiative corrections to mh1 as ∆mh1 = m
1−loop
h1
− mtreeh1 , plotted
against (a) λT , (b) λS and (c) κ respectively. The red points show the corrections to mh1 from
the strong sector, due to the contributions generated by top-stop and bottom-sbottom running
in the loops. The blue points include the corrections from the weak sector with gauge bosons,
gaugino and higgsino, and the black points take into account the total corrections which
include strong, weak and the contributions from the Higgs sector. As one can deduce from
the plots, the corrections (top-stop, bottom-sbottom) coming from the strong interactions are
independent of the triplet and singlet Higgs couplings, as expected, with a maximum split of
50 GeV respect to the tree-level mass eigenvalue.
In the triplet-singlet extension we have four CP-even, three CP-odd neutral Higgs bosons
and three charged Higgs bosons as shown in Eq. (3.17). These enhance both the Higgs and
higgsino contributions to the radiative correction. The weak corrections (blue points) are
dominated by the large number of higgsinos which contribute negatively to the mass and tend
to increase for large values of the Higgs couplings (λT,S and κ).
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Figure 3.6: The radiative corrections at one-loop for mh1 vs (a) λT , (b) λS and (c) κ. The
red points are only with strong (top-stop, bottom-sbottom) corrections, blue points are with
weak corrections without the Higgs bosons (higgsinos, gauge boson and gauginos), (c) black
points are the total (strong +weak + Higgs bosons) corrections.
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Figure 3.7: The variation of the one-loop lightest CP-even Higgs mass mh1 with (a) the
lightest stop mass mt˜1 , and (b) with tanβ, respectively. The yellow band shows the candidate
Higgs mass 123 ≤ mh1 ≤ 127 GeV.
Finally, the black points show the sum of all the sectors, which are positive in sign, due
to the large number of scalars contributing in the loop, with an extra factor of two for the
charged Higgs bosons. This factor of two originates from the CW expression of the potential,
and accounts for their multiplicity (±). Such scalar contributions increase with the values
of the corresponding couplings λT , λS , κ. From Figure 3.6 one can immeditaley notice that
the electroweak radiative corrections could be sufficient in order to fulfill the requirement of
a ∼ 125 GeV Higgs mass, without any contribution from the strong sector.
To illustrate this point, in Figure 3.7(a) we have plotted the lightest CP-even neutral Higgs
mass at one-loop versus the lighter stop mass (mt˜1). We have used the same color coding
conventions of the tree-level analysis. The red points are mostly doublets (≥ 90%), the green
points are mostly triplet/singlet(≥ 90%) and blue points are mixed ones, as explained in
section 3.4. The yellow band shows the Higgs mass range 123 ≤ mh1 ≤ 127 GeV. We notice
that a ∼ 125 GeV CP-even neutral Higgs could be achieved by requiring a stop of very low
mass, as low as 100 GeV. This is due to the presence of additional tree-level and radiative
corrections from the Higgs sectors. Thus, in the case of extended SUSY scenarios like the
TNMSSM, the discovery of a ∼ 125 GeV Higgs boson does not put a stringent lower bound
on the required SUSY mass scale, and one needs to rely on direct SUSY searches for that.
In Figure 3.7(b) we present the dependency of the one-loop corrected Higgs mass of the
lightest CP-even neutral Higgs on tanβ. The distribution of points is clearly concentrated at
low values of tanβ <∼ 4. This is due to the additional contributions on the tree-level Higgs
masses, which are maximal in the same region of tanβ (see Eq. (3.18)). It is then clear that
an extended Higgs sector reduces the amount of fine-tuning [60] needed in order to reproduce
the mass of the discovered Higgs boson, compared to constrained supersymmetric scenarios.
The latter, in general, require much larger supersymmetric mass scales beyond the few TeV
[56] region. Compared to the pMSSM, this also represents an improvement, as it does not
require large mixings in the stop masses in order to have the lighter stop mass below a TeV
[57].
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Figure 3.8: The mass correlations at one-loop (a) mh1 −mh2 and (b) ma1 −ma2 where we
have a CP-even candidate Higgs in the mass range 123 ≤ mhi ≤ 127 GeV. Red, blue and
green points are defined as in Figure 2.
3.6.1 Hidden Higgs bosons
Next we investigate the case in which we have one or more hidden Higgs bosons, lighter in mass
than 125 GeV, scalars and/or pseudoscalars. In Figure 3.8 we present the mass correlations
at one-loop for (a) mh1 −mh2 and (b) ma1 −ma2 , where we have a CP-even candidate Higgs
boson in the mass range 123 ≤ mhi ≤ 127 GeV. The red points are mostly doublets (≥ 90%),
green points are mostly triplets/singlets (≥ 90%) and blue points are mixed ones, as already
explained. The green points have a high chance of evading the LEP bounds [55], showing
that the possibility of having a hidden scalar sector is realistic, even after taking into account
the radiative corrections to the mass spectrum. A closer inspection of Figure 3.8(a) reveals
that there are points where both mh1 and mh2 are less than 100 GeV, showing that there is
the possibility of having two CP-even hidden Higgs bosons. In that case h3 is the candidate
Higgs of ∼ 125 GeV. Similarly, Figure 3.8(b) shows the possibility of having two hidden
pseduoscalars. The arguments mentioned in section 3.4 will apply to the Higgs masses at
one-loop as well. These imply that for mh1/a1 ≤ 123 GeV, the green points could evade the
bounds from LEP and LHC, the red points would be ruled out and the blue points need to be
carefully confronted with the data. In section 3.10 we analyse such scenarios in detail. The
lightest pseudoscalar present in the spectrum, as we are going to discuss below, can play a
significant role in cosmology. In fact, it is crucial in enhancing the dark matter annihilation
cross-section, which is needed in order to get the correct dark matter relic in the universe [84].
3.7 β-fuctions and the running of the couplings
We have implemented the model in SARAH (version 4.5.5) [43] in order to generate the vertices
and the model files for CalcHep [44], and generated the β functions for the dimensionless
couplings and the other soft parameters. The β functions for λT,S,TS , κ, gY , gL, gc, yt,b are
given in the appendix E.
To analyse the perturbativity of the couplings we have selected four different scenarios
and identified the cut-off scale (Λ) in the renormalization group evolution, where one of the
coupling hits the Landau pole and becomes non-perturbative (λi(Λ) = 4pi). Figure 3.9(a)
presents a mostly-triplet scenario at the electroweak scale as we choose λT = 0.8, λS,TS =
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Figure 3.9: The running of the dimensionless Higgs couplings λT,S,TS and κ with the log of
the ratio the scales (lnµ/µ0) for tanβ = 1.5 (solid lines) and tanβ = 10 (dashed lines), where
µ0 = MZ . We have checked the corresponding variations for (a)λT = 0.8, (b)λT,S = 0.8,
(c)λT,S,TS = 0.8 and (d)λT,S, = 0.8, κ = 2.4 chosen at scale µ0 respectively.
0.1, κ = 0.3 at the scale µ0 = MZ , for tanβ = 1.5 (solid lines) and tanβ = 10 (dashed lines).
For lower values of tanβ (tanβ = 1.5) the triplet coupling λT becomes non-perturbative
already at scale of Λ ∼ 109−10 GeV, similarly to the behaviour shown in the triplet-extended
MSSM [67, 85]. For larger values of tanβ (tanβ = 10) all the couplings remain perturbative
up to the (Grand Unification) GUT scale (Λ ∼ 1016 GeV).
Figure 3.9(b) presents the case where λT,S = 0.8 at µ0 = MZ . We see that although
the tanβ dependency becomes less pronounced, the theory becomes non-perturbative at a
relatively lower scale Λ ∼ 108 GeV.
From Figure 3.9(c) it is evident that on top of λT and λS if we also choose λTS = 0.8 at
µ0 = MZ , the tanβ dependency almost disappears. In this case the theory becomes more
constrained with a cut-off scale Λ ∼ 106 GeV.
Finally, Figure 3.9(d) illustrates the effect of a larger κ value, the singlet self-coupling,
with κ = 2.4 at µ0 = MZ . The perturbative behaviour of the theory comes under question
at a scale as low as 104 GeV. Such a large value of κ at the electroweak scale thus restricts
the upper scale of the theory to lay below 10 TeV, unless one extends the theory with an
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extra sector∗. Choosing relatively lower values of λTS and κ would allow the theory to stay
perturbative until 108−10 GeV even with λT,S as large as 0.8. The choice of larger values of
λT,S increases the tree-level contributions to the Higgs mass (see Eq. (3.18)) as well as the
radiative corrections, via the additional Higgs bosons exchanged in the loops. Both of these
contributions reduce the amount of supersymmetric fine-tuning, assuming a Higgs boson of
∼ 125 GeV in the spectrum, by a large amount, respect both to a normal and to a constrained
MSSM scenario. Obviously, the addition of the triplet spoils the gauge coupling unification
under the renormalization group evolution. This features is already evident in the triplet-
extended MSSM [67, 85].
3.8 Fine-tuning
The minimisation conditions given in Eq. (3.13) relate the Z boson mass to the soft breaking
parameters in the form
M2Z = µ
2
soft − µ2eff (3.28)
µeff = vSλS − 1√
2
vTλT , µ
2
soft = 2
m2Hd − tan2 β m2Hu
tan2 β − 1 . (3.29)
It is also convenient to introduce the additional parameter
F =
∣∣∣∣ln µ2soft − µ2effµ2soft
∣∣∣∣ , (3.30)
characterizing the ratio between M2Z and µ
2
soft, which can be considered a measure of the fine-
tuning. Unlike the MSSM, here the µeff parameter is generated spontaneously by the singlet
and triplet vevs. Notice that while the triplet contribution is bounded by the ρ parameter
[65], the singlet vev is unbounded and it may drive µeff to a large value. Similarly, the soft
parameters mHu,Hd , which are determined by the minimisation condition (3.13), can be very
large, and thus can make µ2soft also large. Finally, to reproduce the Z boson mass we need
large cancellations between these terms, which leads to the well know fine-tuning problem of
the MSSM and of other supersymmetric scenarios.
We show in Figure 3.10(a) plots of µ2soft and −µ2eff versus the singlet vev vS for tree-level
candidate Higgs masses in the interval 120 ≤ mh1 ≤ 130 GeV. Figure 3.10(b) presents the
same plots, but with mh1 , the candidate Higgs mass, calculated at one-loop. The violet points
represent µ2soft values for which λS,T ≥ 0.5, and the points in blue refer to values of µ2soft with
λS,T < 0.5. The green points mark values of µ
2
eff with λS,T ≥ 0.5, and the orange points refer
to µ2eff values with λS,T < 0.5. We see that for low λT,S both µ
2
soft and −µ2eff (blue and orange
points) are small, so that the required cancellation needed in order to reproduce the Z boson
mass is also small. This leads to less fine-tuning, measured by F < 1. Unfortunately, such
points are small in numbers in the tree-level case, since they require the extra contributions
from the triplet and the singlet in order to reproduce the ∼ 125 GeV Higgs mass. For
λT,S ≥ 0.5 both µ2soft and −µ2eff (the violet and green points) are both very large, leading to
large cancellations and thus to a fine-tuning parameter F ∼ 5 for µ2soft,−µ2eff ∼ 106.
Comparing Figure 3.10(a) and Figure 3.10(b) we see that the tree-level Higgs mass needs more
fine-tuning as µ2soft,eff ∼ 106 for large λT,S . The situation improves significantly at one-loop
due to the contributions from the radiative corrections. This is due to the fact that there are
more solutions with low values of λT , λT,S < 0.5, compared to tree-level and, on top of this,
∗For the scan in Eq. 3.48 we select |κ| ≤ 3. The theoretical perturbativity of the parameter points have to
be checked explicitly.
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Figure 3.10: The (a)tree-level and (b) one-loop level fine-tuning measures µsoft and −µ2eff
versus the singlet vev vS for a candidate Higgs of mass between 120 ≤ mh1 ≤ 130 GeV
respectively. The violet points represent µ2soft values λS,T ≥ 0.5 and blue points represent
µ2soft values λS,T < 0.5. The green points represent µ
2
eff values λS,T ≥ 0.5 and the orange
points represent µ2eff values λS,T < 0.5. The red line shows the Z boson mass MZ .
(for high and low λT,S) the required fine-tuning is reduced (F . 2). This fine-tuning measure
is a theoretical estimation but it is constrained from the lightest chargino mass bound from
LEP (mχ˜±1
> 104 GeV), which results in µeff > 104 GeV and F >∼ 0.2.
We have performed a run of m2Hu,Hd using the corresponding β-functions for large λT,S ,
from electroweak scale (MZ) up to a high-energy scale ∼ 109,10 GeV, where the couplings
become non-perturbative. It can be shown that m2Hu,Hd , µ
2
soft do not blow up unless the
couplings λT,S hit the Landau pole. The requirement of perturbativity of the evolution gives
stronger bounds on the range of validity of the theory and the fine-tuning parameter is a good
indicator at the electroweak scale.
In the case of MSSM, the large effective quartic coupling comes from the storng SUSY
sectors which also increase m2Hu and other parameters. However the situation changes in the
case of extended Higgs sectors, which gives additional tree-level as well as quantum corrections
to the Higgs masses. These reduce the demand for larger m2Hu . In our case there is a singlet
and a triplet which contribute largely at the tree-level for low tanβ and also contribute at the
quantum level. In the case of tree-level Higgs mass, the extra tree-level contributions demand
very large λT,S ∼ 0.8, which in turn make µeff very large and so the fine-tuning. However in
the case of Higgs mass at one-loop, the extra contributions from the extended Higgs sectors
are shared by both tree-level and quantum corrections, which reduces the requirement of large
λT,S . This reduces µeff and so the fine-tuning F.
3.9 A light pseudoscalar in the spectrum
In the limit when the Ai parameters in Eq. (3.5) go to zero, the discrete Z3 symmetry of the
Lagrangian is promoted to a continuos U(1) symmetry given by Eq. (3.31). This symmetry
is spontaneously broken by the vevs of the doublets, triplet and the singlet fields and should
contain a physical massless pseudoscalar, a1, the Nambu-Goldstone boson of the symmetry.
The soft breaking parameters will then lift the mass of a1, turning it into a pseudo-Goldstone
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Figure 3.11: The lightest CP-even Higgs boson mass mh1 vs the lightest pseudo-scalar mass
ma1 at one-loop (top-stop and bottom-bottom corrections). The violet-yellow band presents
the candidate Higgs mass 123 ≤ mh1 ≤ 127 GeV. The violet band specify the points with
ma1 ≤ 1 MeV, where the a1 → e+e− decay is kinematically forbidden. Red, blue and green
points are defined as in Figure 2.
mode whose mass will depend on the Ai. The symmetry takes the form
(Hˆu, Hˆd, Tˆ , Sˆ)→ eiφ(Hˆu, Hˆd, Tˆ , Sˆ). (3.31)
If this symmetry is softly broken by very small parameters Ai of O(1) GeV, we get a very
light pseudoscalar [58, 68] which could be investigated at cosmological level. Notice that the
vector-like nature of the symmetry decouples this pseudoscalar from any anomalous behaviour.
We are going to briefly investigate some features of the a1 state in the context of the recent
Higgs discovery and we will consider two different realizations. In the first case we consider
a scenario where such continuous symmetry is broken very softly. In this case we choose
the Ai parameters to be O(1) GeV. We expect the pseudo-Goldstone boson to be very light,
with a mass O(1) GeV. In Figure 3.11 we show the mass correlation between the lightest
CP-even neutral Higgs boson h1 and the lightest massive CP-odd neutral Higgs boson a1.
The red points are of doublet type, the green points represent massive states of triplet/singlet
type and the blue points represent the mixed contributions to the a1 pseudoscalar. The
violet-yellow band presents the region of parameter space where h1 is the candidate Higgs,
with a mass 123 ≤ mh1 ≤ 127 GeV. It is rather clear from Figure 3.11(a) that there plenty
of points in the parameter space where there could be a hidden pseudoscalar Higgs boson
along with or without a CP-even hidden scalar. Such a light pseudoscalar boson gets strong
experimental bounds from LEP searches [55] and from the bottomonium decay rates [86].
Such light pseudoscalar in the mass range of 5.5 -14 GeV, when it couples to fermions, gets
strong bound from the recent CMS data at the LHC [87]. For triplet/singlet green points
these bounds can be evaded quite easily since these states do not couple to gauge bosons (the
Z boson in the case of a triplet) and to fermions. Of course, for real mass eigenstates the
mixing between the doublet-triplet/singlet would be very crucial in the characterization of
their allowed parameter space.
For a mass of the a1 of O(100) MeV, the decay to piγγ, pipipi could be an interesting channel
to investigate in order to search for this state [88]. The simpler 2-particle decay channel
a1 → pipi is not allowed due to the CP conservation of the model. Due to the singlet/triplet
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mixing nature of this state, it decays into fermion pairs e+e−, µµ¯, τ τ¯ , if kinematically allowed.
Notice that there is no discrete symmetry to protect this state from decaying, preventing it
from being a dark matter candidate [89]. Now, if we choose the Ai parameters to be of O(1)
MeV then we get a very light pseudoscalar boson with mass of the same order, as shown
in Figure 3.11(b). Such a bosons cannot decay to µµ¯, τ τ¯ kinematically. Following the same
reasoning, if its mass is < 1 MeV, then even the a1 → e+e− channel is not allowed and only
the photon channel remains open to its decay. In this case the a1 resembles an axion-like
particle, and can be a dark matter candidate only if its lifetime is larger than the age of the
universe [88, 90]. The pseudoscalar, in this case, couples to photons at one-loop, due to its
doublet component which causes the state to have a direct interaction with the fermions.
We recall that the effective lifetime of a light pseduoscalar decaying into two photons is given
by Eq. (3.32) [90]
τa =
64pi
g2aγγm
3
a
(3.32)
where gaγγ is the effective pseduoscalar /fermion coupling which is proportional to the doublet-
triplet/singlet mixing. Notice that the a1 shares some of the behaviour of axion-like particles,
which carry a mass that is unrelated to their typical decay constant, and as such are not
described by a standard Peccei-Quinn construction. They find a consistent description in the
context of extensions of the SM with extra anomalous abelian symmetries [91] [92] and carry
a direct anomalous (contact) interaction to photons. Such interaction is absent in the case of
a a1 state.
Along with the lightest neutralino of the TNMSSM, this particle can be a dark matter candi-
date. In the supersymmetic context a similar scenario, with two dark matter candidates has
been discussed in [93]. The role of this pseudoscalar state, in the context of the recent results
by FERMI about the 1-3 GeV excess gamma-ray signal from the galactic center [84] is under
investigation for this model [94].
3.10 ∼ 125 GeV Higgs and LHC data
In this section we consider the one-loop Higgs mass spectrum, including only the correction
coming from quarks and squarks, in light of recent results from the LHC [50, 51, 52] and the
existing data from LEP [55]. In particular, we consider the uncertainties in the decay modes
of the Higgs to WW ∗, ZZ∗ and γγ in a conservative way [50, 52]. We explore the scenario
where one of the CP-even neutral scalars is the candidate ∼ 125 GeV Higgs boson within the
mass range 123 ≤ mhi ≤ 127 GeV and investigate the possibilities of having one or more light
scalars, CP-even and/or CP-odd, allowed by the LEP data and consistent with the recent
Higgs decay branching fractions at the LHC.
We just mention that in the TNMSSM the triplet and the singlet type Higgs bosons do not
couple to the Z boson but the triplet couples to the W± bosons, which result in a modified
hiW
±W∓ vertices given by
hiW
±W∓ =
i
2
g2L
(
vuR
S
i1 + vdR
S
i2 + 4 vTR
S
i4
)
, (3.33)
where the rotation matrix RSij is defined as hi = R
S
ijHj . The vertices hi Z Z are given by
hi Z Z =
i
2
(gL cos θW + gY sin θW )
2 (vuRSi1 + vdRSi2) , (3.34)
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where θW is the Weinberg angle. The Yukawa part of the superpotential is just the MSSM one.
Hence the couplings of the CP-even sector to the up/down-type quarks and to the charged
leptons are
hi u u¯ = − i√
2
yuR
S
i1, (3.35)
hi d d¯ = − i√
2
ydR
S
i2, (3.36)
hi ` ¯`= − i√
2
y`R
S
i2, (3.37)
respectively.
On the other hand, in the Higgs bosons decay into di-photons, there are more virtual
particles which contribute in the loop compared to the SM. This is due to the enlarged Higgs
and strong sectors which have a non-zero coupling with the photon. In particular there are
three charginos (χ±1,2,3), three charged Higgs bosons (h
±
1,2,3), the stops (t˜1,2) and the sbottoms
(b˜1,2). Compared to the MSSM and the NMSSM we have two additional charged Higgs bosons
and one additional chargino which contribute to the decay. The decay rate in the di-photon
channel is given by
Γ(h→ γγ) = αm
3
h
1024pi3
∣∣∣ghWW
m2W
A1(τW ) +
∑
χ±i , t, b
2
ghff¯
mf
N cf Q
2
f A1/2(τf ) (3.38)
+
∑
h±i , t˜i, b˜i
ghSS
m2S
N cS Q
2
S A0(τS)
∣∣∣2,
where N cf,S are the color number of fermion and scalars, Qf,S are the electric charges, in unit
of |e|, of the fermions and scalars, and τi = m
2
h
4m2i
. A0, A1/2 and A1 are the spin-0, spin-1/2
and spin-1 loop functions
A0(x) = − 1
x2
(x− f(x)) , (3.39)
A1/2(x) =
2
x2
(x+ (x− 1)f(x)) , (3.40)
A1(x) = − 1
x2
(
2x2 + 3x+ 3(2x− 1)f(x)) , (3.41)
with the analytic continuations
f(x) =

arcsin2(
√
x) x ≤ 1
−14
(
ln
1+
√
1−1/x
1−
√
1−1/x − ipi
)2
x > 1
(3.42)
In the limit of heavy particles in the loop, we have A0 → 1/3, A1/2 → 4/3 and A1 → −7.
Using the expression above, we study the discovered Higgs boson (h125) decay rate to di-photon
in this model. We also check the consistency of light scalar(s) and/or light pseudoscalar(s)
with the current data at the LHC and the older LEP data. Such analysis is presented in
Figure 3.12. Figure 3.12(a) shows such hidden Higgs scenarios with one a1 and/or one h1
below 123 GeV, which find significant realizations. We first consider the results coming from
both CMS and ATLAS in the decay of the Higgs to WW ∗ and ZZ∗ modes at 1σ [50, 51, 52]
and also consider the cross-section bounds from LEP [55]. The allowed mass values are shown
as red points for which the lightest CP-even Higgs boson (h1) is the detected Higgs at ∼ 125
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Figure 3.12: The lightest CP-even Higgs boson mass mh1 vs the lightest pseudo-scalar mass
ma1 at one-loop (top-stop and bottom-bottom corrections) consistent with the Higgs data
from CMS, ATLAS and LEP. The red points corresponds to the case where mh1 ∼ m125, the
orange points correspond to mass values of mh1 and ma1 where mh2 ∼ m125 and all of them
satisfy the ZZ∗, WW ∗ bounds at 1σ and γγ bound at 2σ level from both CMS and ATLAS.
The red (orange) points which satisfy the γγ result at 1σ are marked green (blue). Very light
pseudoscalar masses ma1 ≤ 1 MeV are shown in panel (b), which is a zoom of the small mass
region of (a).
GeV. Cleary we see that there are many light pseudo-scalars (≤ 100 GeV) which are allowed.
The orange points present the scenario where mh2 ∼ m125 and which leaves both h1 and a1
hidden (< 125 GeV).
We have performed additional tests of such points and compared them with the results
from the decay of the Higgs boson to di-photons at the LHC, both from CMS [95] and ATLAS
[96]. The red points (with one hidden Higgs boson) which satisfy h125 → γγ at 1σ level, are
marked as green points. The orange points (with two hidden Higgs bosons) when allowed
at 1σ level, have been marked as blue points. Notice that all the points in Figure 3.12 are
allowed at 1σ by the WW ∗, ZZ∗ channels and at 2σ by the γγ channel. These requirements
automatically brings the fermionic decay modes closer to the SM expectation. Of course the
uncertainties of these decay widths give us a room for h125 → a1a1/h1h1.
Notice also the presence of a very light pseudoscalar mass values near a1 ∼ 0. Fig-
ure 3.12(b) is a zoom of this region, where such solutions are shown for ma1 ≤ 1 MeV. The
points in this case correspond to possible a1 states which do not decay into any charged
fermion pair (ma1 ≤ 2me) and have an interesting phenomenology, as briefly pointed out in
section 3.9. The fact that such mass values only allow a decay of this particle to two photons
via doublet mixing mediated by a fermion loop, makes the a1 a possible dark matter candi-
date, being long lived. Two hidden Higgs bosons render the phenomenology very interesting,
allowing both the h125 → a1a1 and the h125 → h1h1 decay channels [97, 98]. In Figure 4.1 we
show some of the points in this model as benchmark points (BMP’s), which are allowed both
by LHC [50, 52] and LEP [55] data. The neutral Higgs spectrum has been calculated at one-
loop order and the remaining states at tree-level. Figure 4.1(a) shows a point (BMP1) where
we have a hidden pseudoscalar (a1) with mass O(10
−1) MeV and another triplet/singlet-like
hidden CP-even scalar (h1) with a mass around ∼ 93 GeV. In this case the candidate Higgs
boson is h2, taken around 125 GeV. This point also have a triplet type very light charged
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Figure 3.13: We show the benchmark points of the model which are allowed both by LHC
[50, 52] and LEP[55] data. The neutral Higgs spectrum has been calculated at one-loop and
the rest of the spectrum at tree-level.
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Figure 3.14: The new and modified production channels for the Higgs bosons at the LHC.
Higgs boson at a mass around 90 GeV, which is not excluded by the recent charged Higgs
bounds from the LHC [81]. Figure 4.1(b) shows a benchmark point (BMP2) where we have
a pseudoscalar around 37 GeV, and the lightest scalar and charged Higgs bosons around 100
GeV. Figure 4.1(c) shows a trivial (SM-like) solution where we have a doublet-type CP-even
Higgs around ∼ 125 GeV, with the other states decoupled. In the next study we are going to
analyse such points through a detailed collider simulation [94].
3.11 Phenomenology of the TNMSSM
The TNMSSM extends the Higgs sector as well as the electroweak chargino-neutralino sectors
by additional higgsino contributions. Both the triplet and singlet fields do not couple to the
fermions but affect the phenomenology to a large extent. In the context of the recent Higgs
discovery, searches for additional Higgs bosons, both neutral and charged, are timely. In
particular, if an extended Higgs sector will be discovered at the LHC, it will be crucial to
determine the gauge representation which such states belong to, by investigating its allowed
decays modes.
We have seen from Eq. (3.2), that a Y = 0 hypercharged triplet couples to the W± bosons
and contributes to their mass. On the other hand, the singlet does not directly couple to any
of the gauge bosons. In the case of Higgs mass eigenstates which carry a doublet-triplet-singlet
mixing, we need to look either for their direct production processes at the LHC or take into
consideration the possibility of their cascade production from other Higgses or supersymmetric
particles.
3.11.1 Productions
We have detailed a model with a rich Higgs sector with additional Higgs bosons of triplet and
singlet type. We recall that the relevant production processes of a Higgs boson which is a
SU(2) doublet at the LHC [99, 100] are the gluon-gluon fusion (GGF) and vector boson fusion
channels, followed by the channels of associated production of gauge bosons and fermions. In
our case, the production channels for the new Higgs bosons are different, due to their different
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couplings to the gauge bosons and fermions. We list below the possible additional production
channels for the neutral and charged Higgs bosons at the LHC.
• Neutral Higgs boson production in association with charged Higgs boson: The triplet only
couples to W± boson. Thus a neutral Higgs (doublet or triplet) can be produced in as-
sociation with a charged Higgs boson (doublet or triplet) via a W± exchange. As shown
in Figure 3.14(a) a light in mass and charged Higgs boson in the TNMSSM can be easily
explored by this production channel q¯q′ → hih±j .
• Neutral Higgs boson production in association with W±: A triplet or a doublet type
neutral Higgs boson can be produced via q¯q′ → W±hi as shown in Figure 3.14(b). A
triplet admixture modifies the hi−h±j −W∓ couplings by an additional term proportional
to the vev of the triplet.
• Charged Higgs boson production in association with W±: Triplet of Y = 0,±2 hyper-
charge has a non-zero tree-level coupling to Z − W± − h∓i . This leads to additional
contributions to qq¯ →W±h∓i as shown in Figure 3.14(c).
• Production of charged Higgs boson in vector boson fusion: The non-zero Z −W± − h∓i
coupling leads to vector boson fusion (Z,W fusion) which produces a charged Higgs
boson as shown in Figure 3.14(d). This mode is absent in 2-Higgs doublet models
(2HDM), in the MSSM and in the NMSSM. This is a unique feature of the Y = 0,±2
hypercharge, triplet-extended scenarios.
• Singlet Higgs production: The singlet in this model is not charged under any of the gauge
groups, and hence the direct production of such a singlet at the LHC is impossible.
Gauging this additional singlet with the inclusion of an extra additional U(1)′ gauge
group would open new production channels via the additional gauge boson (Z ′). Most
of the extra Z ′ models get a bound on the Z ′ mass, mZ′ >∼ 2.79 TeV [101] which makes
such channels less promising at the LHC. In our case such a singlet type Higgs boson
would only be produced via mixing with the Higgs bosons of doublet and triplet type.
3.11.2 Decays
The smoking gun signatures for the model would be the decays of the doublet, triplet and
singlet states that are produced. Different F-term contributions can generate these types of
mixing and corresponding decay vertices.
• Higgs decays to Higgs pairs: The candidate Higgs around the 125 GeV mass in this
case can decay into two hidden Higgs bosons if this channel is kinematically allowed
as can be seen in Figure 3.26(a). Such hidden Higgs boson(s) could be both scalar
and pseudoscalar in nature. The discovered Higgs is however 99% CP-even [51], which
forbids any CP-violating decay of the nature h125 → aihj . However, the CP-conserving
decays like h125 → aiaj and/or h125 → hihj are allowed. Such decays should be carefully
investigated on the basis of the current Higgs data at the LHC. If the two light Higgs
bosons are mostly singlet or triplet, then it is easy to evade the bounds from LEP [55].
As we have already pointed out, a singlet Higgs does not couple to any of SM gauge
bosons and even the triplet type does not couple to the Z boson. Such a light Higgs
boson could decay into τ pairs only through the mixing with the doublet type Higgs
bosons, since neither the singlet nor the triplet couple to fermions (see Eq. (3.2)). The
mixing angle is also constrained by data on bottomonium decay, for a very light neutral
Higgs boson ( <∼ 8 GeV) [86].
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Figure 3.15: The new and modified decay channels of the Higgs bosons at the LHC.
The decay of a Higgs boson into other Higgs bosons depends on the cubic coupling,
which is proportional to the vevs of Higgs fields, and thus it is very sensitive to the
values of vi. It is therefore requires an analysis of the allowed decay widths of the Higgs
boson into a light Higgs pair using LHC data [97].
• Higgs decays to W±W∓: The triplet couples to W± via its non-zero SU(2) charge which
is at variance respect to the analogous coupling of the doublet. This will modify the
decay width of hi → WW (Figure 3.26(b)). The recent data show that there is some
disagreement and uncertainties between the CMS [50, 51] and ATLAS [52] results in
the h125 →WW ∗ channels. The measurement of this decay channel thus becomes even
more crucial under the assumption of a triplet mixture.
• Charged Higgs decays to ZW±: We know that the triplet type charged Higgs has a non-
zero tree-level coupling to ZW , for a non-zero triplet vev, as shown in Figure 3.26(c).
This opens up the possible decay modes h±i → ZW±, which are absent in the 2HDM
and in the MSSM at tree-level.
• Charged Higgs decays to hj(aj)W±: A doublet or triplet type Higgs boson can decay
to a lighter neutral Higgs and a W± (Figure 3.26(d)). A possibility of a very light
triplet-singlet-like neutral Higgs makes this decay mode more interesting compared to
the case of the CP-violating MSSM [102].
• Higgs decays to ajZ: In the MSSM the odd and heavy Higgs bosons are almost degen-
erate, so hi → ajZ is not kinematically allowed. The introduction of a triplet and of
a singlet adds two more massive CP-odd Higgs bosons, and the degeneracy is lifted.
In this case we have a relatively lighter CP-odd Higgs state ai which makes hi → ajZ
possible, as shown in Figure 3.26(e). This scenarios is also possible in the context of the
CP-violating MSSM, where we have a very light pseudoscalar Higgs boson due to the
large mixing between the Higgs CP eigenstates [?] and in the NMSSM, for having an
additional scalar [58].
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• Higgs decays to fermion pairs: In a scenario where a triplet or/and singlet type Higgs
boson decays to gauge bosons and other Higgses are kinematically forbidden, the only
permitted decays are into light fermion pairs, viz, bb, ττ and µµ. Even such decays are
only possible by a mixing with doublet type Higgs bosons. When such mixing angles
are very small this can results into some displaced charged leptonic signatures.
3.11.3 Possible signatures
The unusual production and decay channels lead to some really interesting phenomenology
which could be tested in the next run of the LHC and at future colliders. From the testability
point of view, one could use the data form the discovered Higgs boson ∼ 125 GeV in order
to get bounds from the Higgs decaying to Higgs boson pair [97], or the existing bounds from
LEP [55] for two Higgs bosons productions. We have already taken into account these bounds
by ensuring that the hidden Higgs boson is mostly of singlet or of triplet type. Given the
uncertainty in the Higgs decay branching fractions in different modes and the absence of direct
bounds on the non-standard decays of Higgs boson to Higgs boson pair (h125 → aiaj/hihj),
this remains phenomenologically an interesting scenario. Below we list different possible
signatures that could be tested in the LHC with 13/14 TeV.
• The singlet and doublet F-terms generate the doublet-triplet-triplet vertex which is pro-
portional to λSλTS and λ
2
T . This would provide a signature of a doublet type Higgs
decaying into two triplet type Higgs bosons, which, in turn, do not decay into fermions.
Similarly the F-terms of Hu and Hd generate vertices involving triplet-singlet-doublet
which are proportional to λTλS . The F-term of triplet type also contributes to this
mixing, which is proportional to λTλTS . Thus the relative sign between the two contri-
butions become important.
In the case of a ∼ 125 GeV Higgs boson, this can decay into two triplet-like hidden
scalars or pseudoscalars, which in turn decay into off-shell W±s only. This type of
decays can be looked for by searching for very soft jets or leptons coming from the
off-shell W±s. The signatures could be the 4`+ 6pT or 4j + 2l+ 6pT channels, where the
jets and the leptons are very soft. On the other hand, both the triplet and the singlet
hidden Higgses can decay to fermion pairs (bb¯, cc¯, e+e−, µµ¯, τ τ¯) via the mixing with
doublets. The recent bounds on these non-standard decays has been calculated for the
LHC [98]. Such decays give 4`, 2b+ 2` final states, where the leptons are very soft. For
the triplet type hidden Higgs bosons it would be interesting to analyze the competition
between the four-body and the two-body decays (which depend on the triplet-doublet
mixing). Demanding for the presence of softer leptons and jets in the final states, allows
to reduce the SM backgrounds at the LHC. If the mixing is very small, this could lead
to displaced charged leptonic final states, similar to those of a Higgs boson decay in a
R-parity violating supersymmetric scenario [103]. Due to the coupling both with the
up and the down type doublets, this coupling could be tested both at a low and a high
tanβ.
• The singlet does not contribute to charged Higgs mass eigenstates, so the charged Higgs
bosons could be either of doublet or triplet nature. In the case of a heavy doublet
type, the heavier charged Higgs can decay to a triplet type a neutral Higgs (CP even or
odd) and a triplet type charged Higgs (H±u,d → T 0T±1,2). The coupling is proportional to
(g2L−λ2T ). The lighter triplet type charged Higgs then mostly decays into on-shell or off-
shell ZW±. This is a generic signature for Y = 0,±2 hypercharge triplets with non-zero
triplet vev, which breaks the custodial symmetry of the Higgs potential. The relatively
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lighter triplet (either CP-odd or even) neutral Higgs can decay via an on/off-shell W±
boson pair, which leads to leptonic final states. The final states with multi-lepton(> 3`),
multi-jet(> 4) and missing energy, could be the signature for this model. Depending on
the off-shell decays, few leptons or a jet could be softer in energy.
• In other cases a triplet type heavier charged Higgs can decay into a doublet type neutral
Higgs and a triplet type charged Higgs. These couplings are proportional to (
g2L
2 − λ2T )
and can give rise to 3` + 2b+ 6pT and 3` + 2τ+ 6pT final states. Here the b and τ pairs
expected from the neutral doublet type Higgs boson decay.
• Unlike to the neutral Higgs bosons, the up and down type charged Higgs bosons doublet
only mix with the triplets. The couplings are again proportional to a combination of
λSλT and λTλTS . In this case the doublet (triplet) charged Higgs state will decay into
a triplet (doublet) charged Higgs and a singlet neutral Higgs boson. As the singlet is
not coupled to any SM particles, it can only decay through mixing with doublets and
triplets. Decays of such singlets to leptons (in the case of mixing with doublets) and
off-shell or on-shell W±-pair will be determined by the mixing only. In a fine-tuned
region where such mixing is very low this decay channel can lead to a displaced vertex
of charged leptons, whose measurement can give information about such a mixing.
3.12 Higgs spectrum and the experimental constraints
As already pointed out, in the Higgs sector there are four CP-even neutral (h1, h2, h3, h4),
three CP-odd neutral (a1, a2, a3) and three charged Higgs bosons (h
±
1 , h
±
2 , h
±
3 ). In general
the interaction eigenstates are obtained via a mixing of the two Higgs doublets, the triplet
and the singlet scalar. However, the singlet does not contribute to the charged Higgs bosons,
which are mixed states generated only by the SU(2) doublets and triplets. The rotation from
gauge eigenstates to the interaction eigenstates are
hi = R
S
ijHj
ai = R
P
ijAj (3.43)
h±i = R
C
ijH
±
j
where the eigenstates on the left-hand side are interaction eigenstates whereas the eigenstates
on th right-hand side are gauge eigensates. Explicitly we have hi = (h1, h2, h3, h4), Hi =
(H0u,r, H
0
d,r, Sr, T
0
r ), ai = (a0, a1, a2, a3), Ai = (H
0
u,i, H
0
d,i, Si, T
0
i ), h
±
i = (h
±
0 , h
±
1 , h
±
2 , h
±
3 ) and
H+i = (H
+
u , T
+
2 , H
−∗
d , T
−∗
1 ). Using these definitions we can write the doublet and triplet
fraction for the scalar and pseudoscalar Higgs bosons as
hi|D = (RSi,1)2 + (RSi,2)2, ai|D = (RPi,1)2 + (RPi,2)2 (3.44)
hi|S = (RSi3)2, ai|S = (RPi3)2 (3.45)
hi|T = (RSi4)2, ai|T = (RPi4)2 (3.46)
and the triplet and doublet fraction of the charged Higgs bosons as
h±i |D = (RCi1)2 + (RCi3)2, h±i |T = (RCi2)2 + (RCi4)2. (3.47)
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We call a scalar(pseudoscalar) Higgs boson doublet-like if hi|D(ai|D) ≥ 90%, singlet-like if
hi|S(ai|S) ≥ 90% and triplet-like if hi|T (ai|T ) ≥ 90%. Similarly a charged Higgs boson will
be doublet-like if h±i |D ≥ 90% or triplet-like if h±i |D ≥ 90%.
If the discovered Higgs is the lightest CP-even boson, h1 ≡ h125, then h1 must be doublet-
like and the lightest CP-odd and charged Higgses must be triplet/singlet-like, in order to
evade the experimental constraint from LEP [55] for the pseudoscalar and charged Higgses.
LEP searched for the Higgs boson via the e+e− → Zh and e+e− → h1h2 channels (in models
with multiple Higgs bosons) and their fermionic decay modes (h→ b¯b, τ¯ τ and Z → ``). The
higher centre of mass energy at LEP II (210 GeV) allowed to set a lower bound of 114.5 on the
SM-like Higgs boson and of 93 GeV for the MSSM-like Higgs boson in the maximal mixing
scenario [55]. Interestingly, neither the triplet nor the singlet type Higgs boson couple to Z
or to leptons (see Eq. 3.2), and we checked explicitly the demand of ≥ 90% singlet and/or
triplet is sufficient for the light pseudoscalar to be allowed by LEP data. We also checked
explicitly the LHC allowed parameter space for the light pseudoscalar and the details can be
found out in [78]. Later we also discuss how the criteria of ≥ 90% singlet/triplet is enough to
fulfill the constraints coming from the B-observables. Similar constraints on the structure of
the Higgses must be imposed if h2 ≡ h125. To scan the parameter space we have used a code
written by us, in which we have randomly selected 1.35 × 106 points that realize the EWSB
mechanism at tree-level. In particular, we have performed the scan using the following criteria
for the couplings and the soft parameters
|λT,S,TS | ≤ 1, |κ| ≤ 3, |vs| ≤ 1 TeV, 1 ≤ tanβ ≤ 10,
|AT,S,TS,U,D| ≤ 1 GeV, |Aκ| ≤ 3 GeV, (3.48)
65 ≤ |M1,2| ≤ 103 GeV, 3× 102 ≤ mQ3,u¯3,d¯3 ≤ 103 GeV.
We have selected those points which have one of the four Higgs bosons with a one-loop mass of
∼ 125 GeV with one-loop minimization conditions and, out of the 1.35× 106 points, over 105
of them pass this constraint. On this set of Higgs candidates we have imposed the constraints
on the structure of the lightest CP-even, CP-odd and charged Higgses. The number of points
with h1 ≡ h125 doublet-like and a1 singlet-like is about 70 % but we have just one point with
h1 ≡ h125 which is doublet-like and a1 triplet-like. If we add the requirement on the lightest
charged Higgs to be triplet-like, we find that the number of points with h1 ≡ h125 doublet-like,
a1 singlet-like and h
±
1 triplet-like is 26 %. The case of h2 ≡ h125 doublet-like allows more
possibilities, because in this case we have also to check the structure of h1. However we find
75 points only when h1 is triplet-like, h2 ≡ h125 is doublet-like and a1 is singlet-like. This
selection is insensitive to the charged Higgs selection, i.e. we still have 75 points with h1
triplet-like, h2 ≡ h125 doublet-like, a1 singlet-like and h±1 triplet-like.
The LHC constraints have been imposed on those points with h1 ≡ h125, because they provide
a better statistics. For these points we demand that
µWW ∗ = 0.83± 0.21 µZZ∗ = 1.00± 0.29 (3.49)
µγγ = 1.12± 0.24
at 1σ of confidence level [51]. The LHC selection give us 12223 points out of the 26776 points
that have h1 ≡ h125 doublet-like, a1 singlet-like and h±1 triplet-like.
Apart from the LEP [55] and LHC [51] constraints, we also ensure the validity of the
constrains coming from the B-observables. For this particular reason we claim the light
pseudoscalar a1 to be ≥ 90% singlet-type and the light charged Higgs h±1 to be 90% triplet-
type. A very light scalar or pseudoscalar, with a mass around 1−10 GeV, gets strong bounds
from bottomonium decay to a1γ [104]. The decay rate for Υ→ a1γ can be approximated as
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Figure 3.16: We show the fraction of triplets of h2 (a) and a2 (c) as a function of the mass
difference |∆mh2/a2 h±1 | between h2/a2 and h
±
1 respectively. We plot the mass correlation
between a2 and h
±
2 (b) and between h2 and h
±
2 (d). These exhaust the possible hierarchies
for the triplet eigenstates. We mark in red the points with both a2 and h
±
2 doublet-type,
in purple the points with a2 triplet-type and h
±
2 doublet-type or viceversa, and in green the
points with both a2 and h
±
2 triplet-like.
follows
Br(Υ→ a1γ) = Br(Υ→ a1γ)SM × g2a1bb¯, (3.50)
where ga1bb¯ is the reduced down-type Yukawa coupling with respect to SM [105]. We checked
explicitly that the requirement of more than 90% singlet type a1 and low tanβ ensure that
we are in the region of validity.
Another important constraint for a light pseudoscalar comes from Br(Bs → µµ) which
can be summerised as follows [105]
Br(Bs → µµ) '
2τBsM
5
Bs
f2Bs
64pi
|C|2(RP12)4, (3.51)
with
C =
GFα√
2pi
VtbV
∗
ts
tan3 β
4 sin2 θw
mµmt|µr|
m2W (m
2
a1 −m2Bs)
sin 2θt˜
2
∆f3
(3.52)
where ∆f3 = f3(x2) − f3(x1), xi = m2t˜i/|µr|
2, f3(x) = x lnx/(1 − x), θt˜ is the stop mixing
angle and RP12 is the rotation angle, defined in Eq. 3.43, which gives the coupling with the
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down type Higgs (Hd) with leptons and down type quarks. The demand of mostly singlet a1
(≥ 90%) on the data set ensures that we are well below the current upper limit [?].
Other constraint that affects the models with extra Higgs boson, specially the charged
Higgs bosons, comes from the rare decay of B → Xsγ. The charged Higgs bosons which are
doublet in nature couple to quarks via Yukawa couplings and contribute to the rare decay of
B → Xsγ. Similar contributions also come from the charginos which couple to the quarks,
namely doublet-type Higgsinos and Wino. However when we have charged Higgs or charginos
which are triplet in nature they do not couple to the fermions and thus do not contribute
in such decays [72, 73]. If the light charged Higgs bosons are triplet in nature the dominant
Wilson coefficients F7,8 are suppressed by the charged Higgs rotation angles R
C
11,13 as defined
in Eq. 3.43. The demand of the light charged Higgs boson mostly triplet ≥ 90% enable us to
avoid the constraint from Br(B → Xsγ) [72, 73].
(a)
Figure 3.17: A typical mass hierarchy of the scalar sector, with the singlet in blue, the doublets
in red and the triplet Higgs bosons in green colour. The eigenstates of the triplet sector with
a2/h2 or h2/a2 are alternative: if h
±
1 pairs with the neutral h2, then h
±
2 is mass degenerate
with the pseudoscalar a2 (and viceversa).
In Figure 3.16(a) we plot the triplet fraction of h2 in function of the mass splitting between
h2 and h
±
1 . The lightest charged Higgs is selected to be triplet-like (≥ 90%). It is evident that
in the case of mass degeneracy between h2 and h
±
1 the triplet-like structure of h
±
1 is imposed
also on h2. In Figure 3.16(b) we plot the mass correlation between a2 and h
±
2 . We use the
following color code: we mark in red the points with both a2 and h
±
2 doublet-type, in purple
the points with a2 triplet-type and h
±
2 doublet-type or viceversa, and in green the points with
both a2 and h
±
2 triplet-like. In the zoomed plot the dashed line indicates a configuration of
mass degeneracy. It is evident that the mass degeneracy between a2 and h
±
2 implies that
both of them are triplet-like. As we have depicted in Figure 3.17, there could be an exchange
between a2 and h2 in the triplet pairs, shown in green. For this reason we illustrate also the
other possible hierarchy path in Figure 3.16(c) and 3.16(d). As one may notice, the two sets
of plots are qualitatively similar, although there is a quantitative difference between the red
points of Figures 3.16(b) and 3.16(d). The points in the latter are closer than the former to
the line of mass degeneracy. Figure 3.18(a) shows that the more h4 is decoupled, compared
to a1, the more tends to be in a singlet-like eigenstate. We remind that a1 is a pseudo NG
mode and hence it is naturally light. From Figure 3.18(b) it is evident that h4 takes the
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Figure 3.18: We show the singlet fraction of h4 as a function of mass difference |∆mh4 a1 |
between the two states h4 and a1 (a), and the mass correlation between h4 and mS (b).
soft mass mS coming from the singlet. Figure 3.19(a) shows the mass correlations between
(a) (b)
Figure 3.19: Scattered plots of the mass correlation between a3 and h
±
3 (a) and between h3
and h±3 (b). The color code is defined as follows: we mark in red the points where h3, a3, h
±
3
are mostly doublets (≥ 90%) and in green the points where they are mostly triplet.
h±3 and a3, while Figure 3.19(b) shows the same correlation but between h
±
3 , h3 where all of
them are of doublet-type nature and are marked in red. It is easily seen that all the three
doublet-like Higgs bosons h±3 , h3 and a3 remain degenerate. There are only 7 points which
behave like triplets and are shown in green. Thus it is evident from the above analysis that
eigenstates dominated by the same representation (i.e mostly singlet or mostly triplet) tend to
be hierarchically clustered. In this case of a Z3 symmetric Lagrangian, the light pseudoscalar
is actually a pseudo NG mode of a continuous U(1) symmetry of the Higgs potential, also
known as R-axion [71], and remains very light across the entire allowed parameter space.
Though the interaction eigenstates are a mixture of the gauge eigenstates, there seems
to be a pattern for the various representations of the Higgs sector. A given representation
tries to keep their masses in the same block, i.e., the masses of scalar, pseudoscalar and
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charged components of the triplets will form a different mass block than the doublet Higgs
sectors. A typical mass hierarchy is shown in Figure 3.17, where a light pseudoscalar which
is a pseudo NG boson lays hidden below 100 GeV and the scalar state h4 takes a heavy mass
∼ mS , and is therefore decoupled from the low energy spectrum. There is a CP-even Higgs
boson of doublet type around 125 GeV and doublet-like heavy Higgs bosons of larger mass
(h±3 , h3, a3), shown in red. Apart from doublet and singlet interaction eigenstates, we have
two triplets T1 and T2 which then forms two different sets, (h
±
1 , h2/a2) and (h
±
2 , a2/h2) in
the mass hierarchy, shown in green colours. Of course this is not the most general situation
but it comes from the phenomenological constraints that should be applied to the scanned
points in the parameter space. We remind again that these constraints include a scalar Higgs
boson with a mass around 125 GeV which satisfy the LHC constraint of Eq. 3.49 and no light
doublet-like pseudoscalar or charged Higgs boson. We take care of the latter requesting that
the lightest pseudoscalar as mostly singlet and lightest charged Higgs boson is mostly triplet.
3.13 Charged Higgs bosons and its structure
In this section we will describe the feature of the charged Higgs sector, emphasizing the role
of the rotation angles in the limit |λT | ' 0. The charged Higgs bosons are a mixture of two
doublet and two triplet fields, as can be seen from Eq. 3.53,
h±i = R
C
i1H
+
u +R
C
i2T
+
2 +R
C
i3H
−∗
d +R
C
i4T
−∗
1 (3.53)
with RCi1,i3 and R
C
i2,i4 determining the doublet and triplet part respectively. In general R
C
ij is
a function of all the vevs, λT,TS,S and the Ai parameters and we can write schematically
RCij = f
C
ij (vu, vd, vT , vS , λT , λTS , λS , Ai) . (3.54)
The charged Higgs mass matrix which is given in appendix (Eq. F.3), shows the similar
dependency on the parameters. However, the charged Goldstone mode, expressed in terms of
the gauge eigenstates, is a function only of the vevs and the gauge couplings, as we expect
from the Goldstone theorem.
h±0 = ±NT
(
sinβH+u − cosβH−∗d ∓
√
2
vT
v
(T+2 + T
−∗
1 )
)
, NT =
1√
1 + 4
v2T
v2
(3.55)
Eq. 3.55 presents the explicit expression of the charged Goldstone mode and we can see that
it is independent of any other kind of couplings or parameters. Among the three kind of vevs
entering in the charged Goldstone mode, the triplet vev is very small (vT . 5 GeV) due to its
contribution in the W± boson mass, as already discussed. The triplet vev, being restricted
by the ρ parameter [65], makes the charged Goldstone always doublet-type. However among
the massive states in the gauge basis, two of them are triplet-like and one is doublet-like. We
shall see later that this small triplet contribution to the Goldstone boson protects one of the
three physical charged Higgs bosons from becoming absolute triplet-like.
In Figure 3.20 we show the structure of the charged Higgs bosons as a function of |λT |,
where we demand the lightest charged Higgs massive state to be mostly triplet. One can
realize that that for a non-zero λT , their tendency is to mix. However, as we move towards
the |λT | ' 0 region, one of the charged Higgs boson gives away the ∼ (vTv )2 triplet part to
the charged Goldstone and fails to become 100% triplet (see the blue points in Figure 3.20).
In the models where AT parameter is proportional to λT , the mixing induced by the soft
parameter AT automatically goes to zero in this limit. However the mixing of doublet and
triplet in the charged Goldstone comes from the corresponding vevs and it is independent
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Figure 3.20: Triplet component of the massive charged Higgs bosons versus λT .
of λT or AT as can be seen from Eq. 21. Now all the other massive charged Higgs bosons
are orthogonal to the Goldstone boson, which makes the similar mixing in the massive states
as well. This mixing goes to zero only when the triplet does not play any role in EWSB,
i.e. vT = 0. However for non-zero λT and AT the additional mixings come for the massive
eigenstates.
Anyone of the three massive charged Higgs boson can show this feature but we see it
only for h±1 because in the selection criteria we have demanded that h
±
1 must be triplet-
like. Thus for non-zero triplet vev even with |λT | = 0, complete decoupling of doublet and
triplet representations is not possible. Therefore by ’decoupling limit’ we mean |λT | ' 0 here
onwards. In this decoupling limit either the h±2 or the h
±
3 become completely of triplet-type. A
similar conclusion was shown for the triplet extension of the supersymmetric standard model
[76].
The decoupling limit of |λT | ∼ 0 not only affects the structure of the charged Higgs
bosons, where two of them become triplet-like and one of them doublet-like, but also affects
the respective coupling via the corresponding rotation angles. In Figure 3.21 we show the
rotation matrix elements for the light charged Higgs boson h±1 with respect to |λT |. We
can see that when λT becomes very small the mixing angles in the triplet component of the
light charged Higgs boson h±1 , R
C
12 and R
C
14, as defined in Eq. 3.53, take same signs, unlike the
general case. We will see later that the presence of same signs in RC12 and R
C
14 in the decoupling
limit, causes an enhancement of some production channels and decrement for some other ones.
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Figure 3.21: Correlations of the rotation angles of the lightest charged Higgs boson h±1 as a
function of λT .
10−2 < |λT | < 1 |λT | < 10−2
sign RC12 R
C
14 + or - +
Table 3.1: The sign of the product RC12 R
C
14. The sign of the two rotation angles of the
lightest charged Higgs boson plays a crucial role in the interactions of a triplet-like charged
Higgs boson. In the limit |λT | ∼ 0 these two rotation angles have the same sign. This feature
has important consequences for the interaction, and hence the cross-section, of the lightest
charged Higgs boson in various channels.
3.14 Decays of the charged Higgs bosons
As briefly mentioned above, the phenomenology of the Higgs decay sector of the TNMSSM, as
discussed in [77], is affected by the presence of a light pseudoscalar which induces new decay
modes. In this section we consider its impact in the decay of a light charged Higgs boson
h±1 . Along with the existence of the light pseudoscalar, which opens up the h
±
1 → a1W±
decay mode, the triplet-like charged Higgs adds new decay modes, not possible otherwise. In
particular, a Y = 0 triplet-like charged Higgs boson gets a new decay mode into ZW± which
is a signature of custodial symmetry breaking. Apart from that, the usual doublet-like decay
modes into τν and tb are present via the mixings with the doublets.
3.14.1 h±i → W±hj/ai
The trilinear couplings with charged Higgses, scalar (pseudoscalar) Higgses and W± are given
by
gh±i W∓hj
=
i
2
gL
(
RSj2R
C
i3 −RSj1RCi1 +
√
2RSj4
(
RCi2 +R
C
i4
) )
, (3.56)
gh±i W∓aj
=
gL
2
(
RPj1R
C
i1 +R
P
j2R
C
i3 +
√
2RPj4
(
RCi2 −RCi4
) )
. (3.57)
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Both the triplet and doublet has SU(2) charges so they couple to W± boson. Their coupling
in association with neutral Higgs bosons have to be doublet(triplet) type for doublet(triplet)
type charged Higgs bosons. For the phenomenological studies we have considered a doublet-
like Higgs boson around 125 GeV, a light triplet-like charged Higgs boson . 200 GeV and
a very light singlet type pseudoscalar ∼ 20 GeV. Hence the mixing angles become really
important. In the next few section we will see how the various rotation angles involved with
the charged Higgs bosons and their relative signs determine the strength of the couplings and
thus of the decay widths. Eq. 3.56 shows that for h±i →W±hj decay the rotation angles RCi2
and RCi4 come as additive where as for h
±
i →W±aj they come as subtractive.
The decay width of a massive charged Higgs boson in a W boson and a scalar (or pseu-
doscalar) boson is given by
Γh±i →W±hj/aj =
GF
8
√
2pi
m2W± |gh±i W∓hj/aj |
2
√
λ(1, xW , xhj/aj )λ(1, yh±i
, yhj/aj ) (3.58)
where xW,hj =
m2W,hj
m2
h±
i
and yh±i ,hj
=
m2
h±
i
,hj
m2
W±
and similarly for aj . Figure 3.22 shows the
Figure 3.22: Correlation of gh±1 W∓a1
with RC12 and R
C
14. For the blue points in II and IV
quadrants the low values of the coupling are due to the selection of a singlet-like a1, which
means that RP13 ∼ 1, whereas for the blue points in the I and III quadrants the low value of
|gh±1 W∓a1 | comes from the cancellation between R
C
12 and R
C
14.
dependency of the gh±1 W∓a1
coupling with the triplet components of the lightest charged Higgs
eigenstate, i.e., RC12 and R
C
14. We have seen from Figure 3.21 and Table 3.1 the behaviour of
RC12 R
C
14 as a function of λT , i.e. that for λT ∼ 0 they take same sign. We can see that in the
decoupling limit, i.e. for λT ∼ 0, the coupling decreases because RC12 and RC14 take same sign
and they tend to cancel, cfr. Eq. 3.56. A low value of this coupling can come even when
the pseudoscalar Higgs boson (aj) is singlet-like, which means that R
P
j3 ∼ 1. The situation is
just opposite in the case of gh±1 W∓h1
, as one can see from Figure 3.23. Here in the decoupling
limit the coupling gh±1 W∓h1
is enhanced. In Figure 3.23 we can also see some blue points
with low RC12, R
C
14. In this case the charged Higgs boson is not triplet-like and the suppression
in the coupling is due to the accidental cancellation of
(
RS12R
C
13 − RS11RC11
)
, cfr. Eq. 3.56.
This cancellation is of course not related to the limit λT ∼ 0. We see later how it affects the
corresponding production processes.
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Figure 3.23: Correlation of gh±1 W∓h1
with RC12 and R
C
14. The coupling is enhanced when R
C
12
and RC14 are small, i.e. for a doublet-like charged Higgs h
±
1 . The enhancement in the I and
III quadrants are related to the same sign of RC12 and R
C
14, cfr. Eq. 3.56.
3.14.2 h±i → W±Z
The charged sector of a theory with scalar triplet(s) is very interesting due to the tree-level
interactions h±i − W∓ − Z for Y = 0,±2 hypercharge triplets which break the custodial
symmetry [75, 76, 66, 79]. In the TNMSSM this coupling is given by
gh±i W∓Z
= − i
2
(
gL gY
(
vu sinβR
C
i1 − vd cosβRCi3
)
+
√
2 g2LvT
(
RCi2 +R
C
i4
))
, (3.59)
where the rotation angles are defined in Eq. 3.43. The on-shell decay width is given by
Γh±i →W±Z =
GF cos
2 θW
8
√
2pi
m3
h±i
|gh±i W∓Z |
2
√
λ(1, xW , xZ)
(
8xW xZ + (1− xW − xZ)2
)
(3.60)
where λ(x, y, z) = (x− y − z)2 − 4 y z and xZ,W = m
2
Z,W
m2
h±
i
[106].
Figure 3.24 shows the dependency of gh±i W∓Z
with respect to RC12 and R
C
14. We see that
for λT ∼ 0 RC12 and RC14 take the same sign, and hence the h±i −W∓−Z coupling is enhanced.
3.14.3 h±i → tb
Beside the non-zero h±i −W∓−Z coupling at the tree-level due to custodial symmetry breaking,
the charged Higgs bosons can also decay into fermions through the Yukawa interaction given
below
gh+i u¯d
= i
(
yuR
C
i1 PL + ydR
C
i3 PR
)
(3.61)
governed by doublet part of the charged Higgses. The decay width at leading order is
Γh±i →u d =
3
4
GF√
2pi
mh±i
√
λ(1, xu, xd)
[
(1− xu − xd)
(
m2u
sin2 β
(RCi1)
2 +
m2d
cos2 β
(RCi3)
2
)
− 4m
2
um
2
d
m2
h±i
RCi1R
C
i3
sinβ cosβ
]
(3.62)
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Figure 3.24: Correlation of gh±1 W∓Z
with RC12 and R
C
14.
where xu,d =
m2u,d
m2
h±
i
. The QCD correction to the leading order formula are the same as in the
MSSM and are given in [100]. The decay of the charged Higgs bosons into quarks is then
suppressed in the case of triplet-like eigenstates, as one can easily realize from the expression
above. In Figure 3.25 we show the correlation of the effective Yukawa coupling (yuR
C
i1 and
ydR
C
i3) of top and bottom quark respectively as a function of tanβ. The dominant contribution
comes from the top for small tanβ, as we expected.
Figure 3.25: Correlation of ytR
C
11 and ybR
C
13 as a function of tanβ.
3.15 Decay branching ratios of the charged Higgs bosons
Prepared with the possibilities of new decay modes we finally analyse such scenarios with the
data satisfying various theoretical and experimental constraints. The points here have a CP-
even neutral Higgs boson around 125 GeV which satisfies the LHC constraint given in Eq. 3.49.
To study the decay modes and calculate the branching fractions we have implemented our
model in SARAH 4.4.6 [43] and we have generated the model files for CalcHEP 3.6.25 [44].
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(a) (b) (c)
Figure 3.26: The new and modified decay channels of the Higgs bosons at the LHC.
(a) (b)
Figure 3.27: The branching ratios for the decay of the lightest charged Higgs boson h±1 into
non-supersymmetric (a) and supersymmetric modes (b).
Figure 3.27(a) presents the decay branching ratios of the light charged Higgs boson h±1
into non-supersymmetric modes. This includes the a1W
±, h1W±, ZW±, tb and τν channels.
The points in the Figure 3.27 include a discovered Higgs boson at ∼ 125 GeV and a triplet-like
light charged Higgs boson h±1 . When a1 is singlet-type, the a1W
± decay mode is suppressed
in spite of being kinematically open. One can notice that, being the h±1 triplet-like, the decay
mode ZW± can be very large, even close to 100%. When the tb mode is kinematically open,
the ZW± gets an apparent suppression, but it increases again for a charged Higgs bosons
of larger mass (mh±1
∼ 400 GeV). This takes place because the h±i → ZW± decay width
is proportional to m3
h±i
, unlike the tb one, which is proportional to mh±i
(see Eq. 3.60 and
Eq. 3.62). The variation of these two decay widths, as a function of mh±1
, are shown in
Figure 3.28.
Figure 3.27(b) shows the decays of the lightest charged Higgs boson into the supersymmetric
modes, i.e. into charginos χ˜±i and neutralinos χ˜
0
j , when these modes are are kinematically
allowed. We observe that for a charged Higgs boson of a relatively higher mass mh±i
>∼ 300
GeV, these modes open up and can have very large branching ratios.
Apart from the lightest charged Higgs boson, there are two additional charged Higgs
bosons, h±2 and h
±
3 . As we have pointed out many times, we have selected data points for
which the light charged Higgs boson is triplet-type. Certainly, in the decoupling limit, i.e.
when |λT | ' 0, either one of h±2,3 is triplet-like and the other one is doublet-like. The points
that we have generated, which satisfy also the precondition of allowing a h125 in the spectrum,
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Figure 3.28: The decay widths of the lightest charged Higgs boson h±1 to tb and ZW
±.
have a h±2 as a triplet- and a h
±
3 as a doublet-like Higgs boson, cfr. Figure 3.20. In Figure 3.29
we present the decay branching ratios of the second charged Higgs boson h±2 . Figure 3.29(a)
shows the ratios in τν, tb, a1W
±, h1W± and Zh±1 . As one can observe, tb and a1W
± are
the dominant modes reaching up to ∼ 90% and ∼ 80% respectively. Figure 3.29(b) shows
the branching ratios into supersymmetric modes with neutralinos and charginos, which are
kinematically allowed. For some benchmark points these modes can have decay ratios as large
as ∼ 60%. Figure 3.29(c) shows the ratios for h±2 decaying into two scalars, i.e. to h±1 h1,2 and
h±1 a1, with the h
±
1 a1 final state being the dominant among all.
Figure 3.30 presents the third charged Higgs boson h±3 decays. From Figure 3.30(a) we can
see that for a large parameter space the decay branching fraction to a1W
± is the most relevant
mode which can be probed at the LHC. Even though tb mode is kinematically open but not
the most dominant one. Figure 3.30(b) shows that χ˜02χ˜
±
1 mode is kinematically open and also
one of the most important. Figure 3.30(c) shows the decay branching ratios for the decay
modes into the lightest charged Higgs boson in association with the neutral Higgs bosons.
It is evident that the h±1 a1 mode is the most important and one can probe more than one
charged Higgs boson and also the light pseudoscalar. In Figure 3.30(d) the branching ratios
are shown where the heaviest charged Higgs boson h±3 decays to second lightest charged Higgs
boson h±2 in association with the neutral Higgs bosons. Again the light pseudoscalar mode
can have large branching ratios.
3.16 Production channels of a light charged Higgs boson
The triplet nature of the charged Higgs bosons adds few new production processes at the LHC
along with the doublet-like charged Higgs production process. For a doublet-like charged Higgs
boson the production processes are dominated by the top quark decay for the light charged
Higgs boson (mh±i
< mt) or bg → th±i for (mh±i > mt) which are governed by the correspond-
ing Yukawa coupling and tanβ viz, in 2HDM, MSSM and NMSSM. In TNMSSM however
the charged Higgs bosons can be triplet-like, and hence do not couple to fermions. Fermionic
channels, including top and bottom and in general all the fermions, are then suppressed. The
presence of the h±i −W∓−Z vertex generates new production channels and also modifies the
known processes for the production of a charged Higgs boson h±i . In these sections we address
the dominant and characteristically different production mechanisms for the light charged
Higgs bosons h±1 at the LHC. For this purpose we select in the parameter space the bench-
mark points with a discovered Higgs boson around 125 GeV and with the lightest charged
Higgs boson h±1 that is triplet-like (≥ 90%). The cross-sections are calculated at the LHC
87
(a) (b)
(c)
Figure 3.29: The branching ratios of the decay of the charged Higgs boson h±2 into non-
supersymmetric (a), supersymmetric modes (b) and into Higgs bosons (c).
with a center of mass energy of 14 TeV for such events. We have performed our analysis at
leading order, using CalcHEP 3.6.25 [44], using the CTEQ6L [107] set of parton distributions
and a renormalization/factorization scale Q =
√
sˆ where sˆ denotes the total center of mass
energy squared at parton level.
3.16.1 Associated W±
The dominant channels are shown in Figure 3.31, which are mediated by the neutral Higgs
bosons, the Z boson and the quarks. Figure 3.31(b) which describe the Z mediation requires
the non-zero h±1 −W∓ − Z vertex which is absent in theories without the Y = 0,±2 triplet-
extended Higgs sector. For a doublet-like charged Higgs, the only contributions comes from
the neutral Higgs-mediated diagrams in the s-channel and t-quark mediated diagram in the
t-channel (see Figure 3.31(a), (c)). For low tanβ case the t-channel contribution in bb¯ fusion
is really large due to large Yukawa coupling. We will see that this admixture of doublet still
affects the production cross-section for low tanβ.
The contribution of h1 is subdominant because h1 and h
±
1 are selected to be mostly doublet
and triplet respectively, in order to satisfies the LHC data. The coupling of a totally triplet
charged Higgs boson with a totally doublet neutral Higgs boson and a W boson is not allowed
by gauge invariance. For the lightest triplet-like charged Higgs boson, one of the degenerate
neutral Higgs boson, either h2 or a2, is also triplet-like, and fails to contribute as mediator in bb¯
fusion mode (Figure 3.31(a)). The other relevant neutral Higgs boson which is not degenerate
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(a) (b)
(c) (d)
Figure 3.30: The branching ratios of the decay of the charged Higgs boson h±3 into non-
supersymmetric (a), supersymmetric modes (b), lightest charged Higgs boson h±1 in associa-
tion with the neutral Higgs bosons (c) and second light charged Higgs boson h±2 in association
with the neutral Higgs bosons (d).
with the lightest charged Higgs boson h±1 contributes to bb¯ fusion production process via its
doublet mixings. Thus doublet-triplet mixing part plays an important role even when we
are trying to produce a light charged Higgs boson which is triplet-like. This feature also has
been observed in Triplet Extended Supersymmetric Standard Model (TESSM) [75]. Even the
off-shell doublet type neutral Higgs mediation (h125) in s-channel via gluon-gluon fusion fails
to give sufficient contribution to h±1 W
∓ final state. We checked such process at the LHC for
the center of mass energy of 14 TeV and a triplet-like charged Higgs of mass ∼ 300 GeV and
h±1 W
∓ cross-section is below O(10−3) fb.
In Figure 3.32 we present the associated production cross-section for a light charged Higgs
boson h±1 together with the light charged Higgs boson mass mh±1 . The red coloured ones are≥ 90% doublet-like, green ones are ≥ 90% triplet-like and blue ones are mixed type light
charged Higgs bosons. It can be seen that as the doublet the fraction grows, the production
cross-section also grows. At λT ' 0 the lightest charged Higgs cannot be completely triplet-
like, due to the doublet fraction vTv . In this limit the cross section follows the line given by the
green points in Figure 3.32. As we have seen in the previous section, for λT 6= 0 the coupling
gh±1 W∓Z
is very small even if the lightest charged Higgs is completely triplet-like. This means
that the Z propagator (cfr. Figure 3.31(b)) does not give contribution. However, since for
λT 6= 0 the triplet fraction of h±1 is not fixed, the cross-section can be enhanced or decreased
compared to the |λT | ' 0 one.
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(a) (b)
(c)
Figure 3.31: The Feynman diagrams for the charged Higgs production in association with
W± boson at the LHC.
3.16.2 Associated Z
Unlike the previous case, the charged Higgs production in association with Z does not have
sizeable contributions from the doublet part of the Higgs boson spectrum. For instance, the
doublet nature of the charged Higgs allows its exchange in the s-channel, as shown in Fig-
ure 3.33(a), via an annihilation process (qq¯′) which requires quarks of different flavours. The
contributions from the valence u/d¯, u¯/d distributions, in a pp collision are strongly suppressed
by the much lower Yukawa couplings. On the other hand contributions from heavier genera-
tions such as c/b¯, c¯/b are suppressed by CKM mixing angles and the involvement of sea quarks
in the initial state.
Nevertheless, in the case of the TNMSSM, a non-zero h±1 −W∓−Z vertex gives an extra
contribution to this production process, which is absent in the case of doublet-like charged
Higgs bosons. In fact, for λT ' 0, which corresponds to what we have called decoupling limit,
the T+1 and T
−
2 interaction eigenstates contribute additively to the h
±
1 −W∓ − Z, as can be
seen from Eq. 3.59 and also can be realised from Figure 3.21 and Figure 3.24. However we
can see from Figure 3.34 that the h±1 Z production cross-section is smaller than the respective
production in association with a W±. This is due to the fact that there are no other efficient
contributions beside the channel with the W± in the propagator, as discussed earlier.
3.16.3 Associated h1
We have considered, than, the production of the charged Higgs boson production in association
with a scalar Higgs boson, hi. It is clear from Figure 3.35 that there are two contributions to
this channel, one via the doublet-type charged Higgs boson and another mediated by the W±
boson. However the charged Higgs mediated diagrams are suppressed, for the same reasons
discussed earlier in the associated Z production. Both the triplet and doublet Higgs bosons
couple to SU(2) gauge boson W±. However a careful look on the vertex, given in Eq. 3.56,
shows that their mixing angles can have relative signs. In general their coupling in association
with neutral Higgs bosons have to be doublet(triplet) type for doublet(triplet) type charged
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Figure 3.32: The production cross-section of h±1 W
∓ at the LHC versus the lightest charged
Higgs boson mass mh±1
. The red coloured ones are ≥ 90% doublet-like, green ones are ≥ 90%
triplet-like and blue ones are mixed type light charged Higgs bosons.
(a) (b)
Figure 3.33: The Feynman diagrams for the charged Higgs production in association with Z
boson at the LHC.
Higgs bosons.
This behaviour can be seen from Figure 3.36, where we plot the production cross-section
versus the mass of the lightest charged Higgs boson, mh±1
. The colour code for the charged
Higgs boson remains as before. It is quite evident that, for a triplet-like charged Higgs boson,
the cross-sections in association with h1, which is mostly doublet, are very small, except for
the λT ' 0 points. We can see the enhanced cross-section for the mostly doublet charged
Higgs boson in association with doublet-like h1 (red points). The situation is different for
λT ' 0, where it is easy to produce a mostly triplet charged Higgs boson in this channel due
to the enhancement of the h±1 −W∓ − h1 coupling, given in Eq. 3.56. This is due to the fact
that for λT ' 0 the rotation angles RC12 and RC14 of the triplet sector, which appear in the
coupling given in Eq. 3.56, take same sign (in the decoupling limit see Figure 3.21).
3.16.4 Associated a1
Similarly, we can also produce the charged Higgs boson in association with a pseudoscalar
Higgs boson, as shown in Figure 3.37. Here we also include the two contributions coming
from h±i and W
± respectively even though, as before, the contribution from the charged
Higgs propagator is negligible. Figure 3.38 presents the variation of the cross-section with the
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Figure 3.34: The production cross-section of light charged Higgs boson h±1 in association with
Z boson versus the light charged Higgs boson mass mh±1
.
(a) (b)
Figure 3.35: The Feynman diagrams for the charged Higgs production in association with hi
boson at the LHC.
mass of the lightest charged Higgs boson. The cross-section stays very low for the triplet-like
points (green ones) and reaches a maximum around 10 fb for doublet- and mixed-like points
(red and blue ones). For λT ' 0 points, the triplets (T+1 , T−∗2 ) rotation angles RCi2,i4 appear
with a relative sign in the coupling h±i −W∓ − aj , as can be seen in Eq. 3.56. The h±1 a1
cross-section thus gets a suppression in the decoupling limit, i.e. for |λT | ' 0, unlike the hih±1
case, as discussed in the previous section.
3.16.5 Charged Higgs pair production
Here we move to the description of the charged Higgs pair production for the lightest charged
Higgs boson h±1 . The Feynman diagrams for this process are given in Figure 3.39, with the
neutral Higgses and Z, γ bosons contributing to the process. However, if the lightest charged
Higgs boson h±1 is triplet-like, the diagrams of Figure 3.39(a) give less contribution to the
cross section. In fact a1 is selected to be singlet-like, so it does not couple to the fermoins,
and the diagram with h125 in the propagator is subdominant. The reason is that the coupling
gh±1 h
∓
1 h1
of a totally doublet scalar Higgs boson with two totally triplet charged Higgs bosons is
prevented by gauge invariance. The triplet charged Higgs pair production is more suppressed
than the single triplet-like charged Higgs production via a doublet-like neutral Higgs boson.
In that case pair production cross-section via off-shell doublet type neutral Higgs mediation
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Figure 3.36: The production cross-section of a light charged Higgs boson h±1 in association
with the h1 boson versus the light charged Higgs boson mass mh±1
.
(a) (b)
Figure 3.37: The Feynman diagrams for the charged Higgs production in association with ai
boson at the LHC.
(h125) in s-channel via gluon-gluon fusion is below O(10
−6) fb. Hence for triplet-like h±1 the
diagrams of Figure 3.39(b) are the most relevant ones. The coupling of a pair of h±1 to the Z
and the γ bosons is shown in Figure 3.40 as a function of the doublet fraction. The coupling
gh±1 h
∓
1 γ
is independent of the structure of h±1 as it should be because of the U(1)em symmetry.
In fact the value of this coupling is just the value of the electric charge. Conversely, the
coupling of the Z boson to a pair of charged Higgs depends on the structure of the charged
Higgs. When the charged Higgs is totally doublet its coupling approaches the MSSM value
gL
2
cos 2θw
cos θw
. If the charged Higgs is totally triplet the value of the coupling is gL cos θw, the same
of the W± −W∓ −Z interaction. In Figure 3.41 we show the variation of the cross-sections
with respect to the lightest charged Higgs boson mass mh±1
. The colour code of the points
are as the previous ones. We can see that for triplet-like points with mass around ∼ 100 GeV
the cross-section reach around pb. This large cross-section makes this production a viable
channel to be probed at the LHC for the light triplet type charged Higgs boson. We discuss
the corresponding phenomenology in section 3.17.
3.16.6 Vector boson fusion
Neutral Higgs boson production via vector boson fusion is second most dominant production
mode in SM. Even in 2HDM or MSSM this production mode of the neutral Higgs boson is one
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Figure 3.38: The production cross-section of light charged Higgs boson h±1 in association with
the a1 boson versus the light charged Higgs boson mass mh±1
.
(a) (b)
Figure 3.39: Feynman diagrams for the production of a charged Higgs boson pair h∓i h
±
j at
the LHC, mediated by the Higgs bosons, the Z and the γ bosons.
of the leading ones. However no such channel exist for charged Higgs boson as h±i −W∓ −Z
vertex is zero at the tree-level, as long as custodial symmetry is preserved. The introduction
of a Y = 0 triplet breaks the custodial symmetry at tree-level, giving a non-zero h±i −W∓−Z
vertex, as shown in Eq. 3.59. This vertex gives rise to the striking production channel of
the vector boson fusion into a single charged Higgs boson, which is absent in the MSSM and
in the 2-Higgs-doublet model (2HDM) at tree-level. This is a signature of the triplets with
Y = 0,±2 which break custodial symmetry at the tree-level.
Figure 3.43 shows the cross-section variation with respect to the lightest charged Higgs
boson mass mh±1
. As expected, doublet-like points (in red) have very small cross-sections,
and for the mixed points (in blue) we see a little enhancement. Green points describe the
cross-sections for the triplet-like points. We see that a triplet-like charged Higgs boson does
not necessarily guarantee large values for the cross-section. As one can notice from Eq. 3.59,
the coupling gh±1 W∓Z
is a function of RC12 and R
C
14 and their relative sign plays an important
role. From Figure 3.24 we see that only in the decoupling limit, where where λT = 0, both
RC12 and R
C
14 take the same sign, thereby enhancing the h
±
1 −W∓ − Z coupling and thus the
cross-section. It can been seen that only for lighter masses ∼ 150−200 GeV the cross-sections
is around few fb. Such triplet-like charged Higgs bosons can be probed at the LHC as a single
charged Higgs production channel without the top quark. This channel thus can be used to
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(a)
Figure 3.40: Value of the coupling gh±1 h
∓
1 X
as a function of the doublet fraction of the lightest
charged Higgs boson. In the case of the photon this coupling is just the value of the electric
charge.
distinguish from other known single charged Higgs production mode in association with the
top quark, which characterises a doublet-like charged Higgs bosons.
3.16.7 Associated top quark
In the TNMSSM the triplet sector does not couple to fermions, which causes a natural sup-
pression of the production of a triplet-like charged Higgs in association with a top quark. The
only way for this channel to be allowed is via the mixing with doublets. Figure 3.44 shows
the Feynman diagrams of such production processes, which are dominant and take place via
a b quark and gluon fusion. They are highly dependent on the value of tanβ [108, 109].
Figure 3.45(b) shows the production cross-section as a function of the lightest charged Higgs
boson mass, where the green points correspond to linear combinations which are mostly triplet
( >∼ 90%), while red points correspond to those which are mostly of doublet ( >∼ 90%) and the
blue points are of mixed type. Triplet-like points have a naturally suppressed cross-section
whereas the doublet-like points have a large cross-sections, that can be ∼ pb. The mixed
points lay in between, with cross-sections O(100) fb. One can also notice the certain en-
hanced line in the green points which correspond to |λT | ' 0. As already explained in the
previous sections, in this limit some portion (∼ (vTv )2) of the lightest charged Higgs boson h±1
remains doublet type, as shown in Figure 3.20, and is responsible for the enhancement of the
cross-section.
Thus not finding a charged Higgs boson in this channel does not mean that it is completely
ruled out, simply it can come from higher representation of SU(2).
3.17 Charged Higgs boson phenomenology
As already pointed out before, the TNMSSM with a Z3 symmetry allows a very light singlet-
like pseudoscalar in its spectrum, which turns into a pseudo-NG mode in the limit of small
soft parameters Ai [77]. The existence of such a light and still hidden scalar prompts the
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Figure 3.41: The production cross-section of light charged Higgs boson pair h±1 h
∓
1 versus the
light charged Higgs boson mass mh±1
.
mh±1
ma1 Br(a1W
±) Br(ZW±) Br(τντ )
BP1 179.69 41.22 9.7× 10−1 2.1× 10−2 1.3× 10−4
BP2 112.75 29.77 9.9× 10−1 6.3× 10−5 5.5× 10−3
BP3 172.55 48.94 6.3× 10−5 9.8× 10−1 2.4× 10−3
Table 3.2: The mass of h±1 , the mass of a1 and the relevant branching ratios for the three
benchmark points used in the phenomenological analysis.
decay of a light charged Higgs boson h±1 → a1W±. Of course the gauge invariant structure
of the vertex further restricts such decay mode, which is only allowed by the mass mixing of
the singlet with the doublets or the triplet. In the extended supersymmetric scenarios with
only triplet, one cannot naturally obtain such light triplet-like pseudoscalar, because imposing
Z3 symmetry would be impossible due to existence of µ term, which is necessary to satisfy
the lightest chargino mass bound [75]. The existence of a light pseudoscalar mode has been
observed and studied in the context of the NMSSM [110, 111, 112, 113]. Unlike NMSSM,
in TNMSSM with a Z3 symmetry the decay h
±
1 → ZW± is possible for a triplet-type light
charged Higgs boson. Below we discuss the phenomenology of such charged Higgs bosons at
the LHC.
For this phenomenological analysis we have selected three benchmark point, named BP1,
BP2 and BP3 given in Table 3.2. All of them are characterised by a triplet-like charged Higgs
boson h±1 , which make the charged Higgs branching fractions into fermions, e.g. Br(h
±
1 → τντ )
or Br(h±1 → t b), strongly suppressed. We choose this scenario of triplet-like charged Higgs
boson to look for new physics signals that is not there in two Higgs doublet model (2HDM),
MSSM and NMSSM. The benchmark points maximize following decay modes;
• BP1:
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(a)
Figure 3.42: The Feynman diagram for the charged Higgs production via vector boson fusion
at the LHC.
σpp→h±1 h∓1 × Br(h
±
1 → a1W±)Br(h∓1 → ZW∓) ,
• BP2:
σpp→h±1 h∓1 × Br(h
±
1 → a1W±)Br(h∓1 → a1W±)
• BP3:
σpp→h±1 h∓1 × Br(h
±
1 → ZW∓)Br(h∓1 → ZW∓).
We will discuss the final sate searches along with dominant SM backgrounds below starting
for BP1 to BP3. A detailed collider study is in preparation [114].
If the lightest charged Higgs boson is pair produced, it can have the following decay
topologies
pp → h±1 h∓1
→ a1W±ZW∓
→ 2τ(2b) + 2j + 3`+ 6ET
→ 2τ(2b) + 4`+ 6ET . (3.63)
Eq. 3.63 shows that when one of the charged Higgs bosons decays to a1W
±, which is a signature
of the existence of singlet-type pseudoscalar, and the other one decays to ZW±, which is the
triplet signature. Thus we end up with a1 + 2W
± + Z intermediate state. Depending on the
decays of the gauge bosons; hadronic or leptonic, and that of the light pseudoscalar (into b
or τ pairs), we can have final states with multi-lepton plus two b- or τ -jets. The tri-lepton
and four-lepton backgrounds are generally rather low in SM. In this case they are further
tagged with b or τ -jet pair, which make these channels further clean. As mentioned earlier
the detailed signal, backgrounds study is in progress as a separate study in [114]. However
in Table 3.3 we look for ≥ 3` + 2τ+ 6ET and ≥ 3` + 2b+ 6ET final states event numbers at
an integrated luminosity of 1000 fb−1 for both BP1 and dominant SM backgrounds. The
demand ≥ 3` over 4` was chosen to enhance the signal numbers. The kinematical cuts on
the momentum and various isolation cuts and tagging efficiencies for b-jets [115] and τ -jets
[116] reduce the final state numbers. The b-tagging efficiency has been chosen to be 0.5 and
τ -jet tagging efficiency varies a lot with the momentum of the τ -jet (30− 70%) are taken into
account while giving the final state numbers.
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Figure 3.43: The production cross-section of a light charged Higgs boson via vector boson
fusion versus the light charged Higgs boson mass mh±1
.
(a) (b)
Figure 3.44: The Feynman diagrams for the charged Higgs production in association with a
top quark at the LHC.
For ≥ 3` + 2τ+ 6ET and ≥ 3` + 2b+ 6ET final states the dominant backgrounds mainly
come from triple gauge boson productions ZZZ and ZWZ respectively. We can see that that
≥ 3` + 2b+ 6ET reaches around 3σ of signal significance at an integrated luminosity of 1000
fb−1. However a point with larger branching to both aW± and ZW± decay modes can be
probed with much earlier data.
In the case of a TESSM [72, 75] we have have only the triplet signature of charged Higgs
decaying into ZW±, which carries a different signature respect to the doublet-like charged
Higgs boson. On the other hand, in the NMSSM we only have a1W
± decay [110, 111, 112, 113],
which is characterised by a different signature respect to the MSSM [69, 70]. In comparison,
Eq. 3.63 provides a golden plated mode in the search of an extended Higgs sector, as predicted
by the TNMSSM. Finding out both a1W
± and ZW± decay modes at the LHC can prove the
existence of both a singlet and a triplet of the model. However, as we can see in Figure 3.46,
it is very difficult to find out points where both the Br(h±1 → ZW±) and Br(h±1 → a1W±)
are enhanced at the same time. Nevertheless as the final states carry the signatures of both
singlet and triplet type Higgs bosons, it is worth exploring for a high luminosity at the LHC
or even for higher energy (more than 14 TeV) at the LHC in future.
The light charged Higgs boson can also decay to τν for mh±1
< mt and to tb for mh±1
> mt,
via its doublet fraction. The charged Higgs pair production then has the signatures given in
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Figure 3.45: The production cross-section of light charged Higgs boson in association with
top quark versus the light charged Higgs boson mass mh±1
.
Eq. 3.64 and Eq. 3.65, with one of the charged Higgs boson decaying to τν and the other one
to a1W
± or ZW±, respectively. Eq. 3.64 and Eq. 3.65 probe the existence of singlet, doublet
and triplet representations at the same time. The final states with one or more tau-jets along
with charged lepton reduce the SM backgrounds but nevertheless tt¯Z and tZW± contribute.
pp → h±1 h∓1
→ a1W±τν
→ 3τ/(2b+ 1τ) + 1`+ 6ET , (3.64)
pp → h±1 h∓1
→ ZW±τν
→ 1(3)τ + 3(1)`+ 6ET . (3.65)
Thus these final states would play a very crucial role in determining whether the mecha-
nism of EWSB incorporates a finer structure respect to our current description, with a single
Higgs doublet. In Table 3.3 we present the number of events in the 3τ + 1`+ 6ET final state
for the channel a1W
± τντ and in the 1τ + 3`+ 6ET for the channel ZW± τντ at an integrated
luminosity of 1000 fb−1. As already stated, we chose a triplet-like charged Higgs boson h±1
and hence the branching in τντ is suppressed, being a signature decay mode for a doublet-
type charged Higgs boson. In both the case the dominant backgrounds are the triple gauge
bosons ZZZ and ZWZ. We can see that that 3` + 1τ+ 6ET reaches more than 3σ of signal
significance at an integrated luminosity of 1000 fb−1.
There are, of course, two other possibilities for the decays of a pair of charged Higgs
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(a) (b)
Figure 3.46: The signal strength for the pair production of the lightest charged Higgs boson
in the intermediate channels of Eq. 3.63, 3.64, 3.66, 3.68 (a) and 3.65, 3.67, 3.69 (b) as a
function of the mass of the lightest charged Higgs boson.
bosons, that is when both the charged Higgs bosons decays to a1W
± or ZW±.
pp → h±1 h∓1
→ a1W±a1W∓
→ 2τ + 2b+ 2j + 1`+ 6ET
→ 4τ(4b) + 2`+ 6ET
→ 2b+ 2τ + 2`+ 6ET . (3.66)
pp → h±1 h∓1
→ ZW±ZW∓
→ 2j + 4`+ 6ET
→ 6`+ 6ET
→ 2b+ 2τ + 2`+ 6ET . (3.67)
These channels can prove the existence of singlet and triplet representation separately. For
the decay channel h±1 h
∓
1 → a1W±a1W∓ we have considered the 2b+ 2τ + 2`+ 6ET final state
for the signal and background analysis. This is because the final states with ≥ 1` have t¯t as
dominant background and hence are strongly suppressed. For 2b+ 2τ + 2`+ 6ET the dominant
backgrounds are ZZZ and t¯tZ and we can see from Table 3.3 that the signal significance is
more than 10σ for an integrated luminosity of 1000 fb−1. A 5σ of signal significance can be
achieved with an integrated luminosity of ≈ 200 fb−1 at the LHC with 14 TeV center of mass
energy.
In the case of h±1 h
∓
1 → ZW±ZW∓ we look into the ≥ 5`+ 6ET and ≥ 1`+ 2b+ 2τ+ 6ET
final states where the demand ≥ 1` over 2` was chosen to enhance the signal numbers. The
≥ 5`+ 6ET has the triple gauge bosons ZZZ and ZWZ as dominant backgrounds. This is
one of cleanest final state and we can see from Table 3.3 that it has more than 14σ of signal
significance at an integrated luminosity of 1000 fb−1. The integrated luminosity for 5σ of
signal significance is 120 fb−1. The dominant backgrounds for the ≥ 1` + 2b + 2τ+ 6ET final
state are the triple gauge bosons ZZZ and ZWZ as well as t¯tZ. The t¯tZ background is the
most dominant one in this case and suppress the signal significance, as one can immediately
realize looking at Table 3.3.
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Decay Channels
# of Events
Signal Backgrounds
B
P
1
a1W
± ZW∓
≥ 3`+ 2τ+ 6ET 1 6
≥ 3`+ 2b+ 6ET 21 39
B
P
2 a1W
± τντ 3τ + 1`+ 6ET 13 < 1
a1W
± a1W∓ 2b+ 2τ + 2`+ 6ET 164 38
B
P
3
ZW± τντ 1τ + 3`+ 6ET 9 19
ZW± ZW∓
≥ 5`+ 6ET 228 23
≥ 1`+ 2b+ 2τ+ 6ET 29 246
Table 3.3: The final state numbers for the benchmark points and backgrounds at an integrated
luminosity of 1000 fb−1.
For a charged Higgs bosons heavier than the top quark the channel h±1 → tb is kinemati-
cally allowed. If one of the charged Higgs decays to tb and the other one decays to a1W
± we
have the final states given by Eq. 3.68. When the other charged Higgs boson decays to ZW±,
the production of h±1 h
∓
1 results in the final states of Eq. 3.69
pp → h±1 h∓1
→ a1W±tb
→ 2τ + 2b+ 2W
→ 2τ + 2b+ 2`+ 6ET , (3.68)
pp → h±1 h∓1
→ ZW±tb
→ 2τ + 2b+ 2W
→ 2τ + 2b+ 2`+ 6ET
or 2b+ 4`+ 6ET . (3.69)
The signal related to the intermediate states of the pair production and the decays of the
lightest charged Higgs boson in the channels of Eq. 3.63, 3.64, 3.65, 3.68 and 3.69 is reported
in Figure 3.46. We can clearly see that for light charged Higgs boson (mh±1
>∼ 200 GeV) the
decay modes in a light pseudoscalar can be probed rather easily at the LHC but probing
a1W
± and ZW∓, i.e., the existence of a light pseudoscalar and the triplet decay modes
together needs higher luminosity.
Another signature of this model could be the existence of the heavier charged Higgs bosons
h±2,3 which could be produced at the LHC. For our selection points h
±
2 is triplet-like and h
±
3
is doublet-like. Following our discussion in section 3.15, such heavy charged Higgs can decay
dominantly to a1h
±
1 or h1h
±
1 , as shown in Eq. 3.70 and Eq. 3.71. The lighter charged Higgs can
then decay into final states with a1W
± or ZW± giving 2τ(2b) + 3`+ 6ET and 4τ(4b) + 1`+ 6ET
final states
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pp→ h±2,3 +X → a1/h1h∓1
→ 2τ(2b) + ZW±
→ 2τ(2b) + 3`+ 6ET , (3.70)
pp→ h±2,3 +X → a1/h1h∓1
→ 2τ(2b) + a1 +W±
→ 4τ(4b) + 1`+ 6ET . (3.71)
Searching for the above signatures is certainly necessary not only in order to discover a
charged Higgs boson but also to determine whether scalars in higher representations of SU(2)
are involved in the mechanism of EWSB.
Chapter 4
Simulating a Light Pseudoscalar in
the TNMSSM
4.1 Synopsis
This chapter is devoted to the phenomenological analysis of a light pseudoscalar state present
in the TNMSS, whose mass is entirely generated by the soft-breaking terms of the theory. As
we have already discussed in the introduction to Chapter 1, modes of this type are associated
to the presence of flat directions in the potential of a superconformal theory. The goal of
the chapter is to provide an in depth analysis of the possible signatures of this state and the
constraints emerging from a comparison oof the prediction of the model against the current
LHC data.
4.2 Introduction
The success of the Standard Model (SM) in explaining the gauge structure of the fundamental
interactions has reached its height with the discovery of a scalar particle with most of the
properties of the SM Higgs boson - as a 125 GeV mass resonance - at the LHC. With this
discovery, the mechanism of spontaneous symmetry breaking of the gauge symmetry, which
in a gauge theory such as the SM is mediated by a Higgs doublet, has been confirmed, but
the possible existence of an extended Higgs sector, at the moment, cannot be excluded.
The identification by the CMS [50, 51] and ATLAS [52] experiments of a new boson
exchange, has interested so far only the WW ∗, ZZ∗ and γγ channels - using data at 7 and at
8 TeV - at more than 5σ confidence level for the Z and γ cases, and slightly below in the W
channel. However, the fermionic decay modes of the new boson, together with other exotic
decay modes, are yet to be discovered. Clearly, they are essential in order to establish the
mechanism of electroweak symmetry breaking (EWSB), which is crucial in the SM dynamics,
with better precision. The new data collection at the LHC at 13 TeV center of mass energy
- which will be upgraded to 14 TeV in the future - will probably provide new clues about
some possible extensions of the SM, raising large expectations both at theoretical and at
experimental level.
The SM is not a completely satisfactory theory, even with its tremendous success, since it
does not provide an answer to long-standing issues, most prominently the gauge-hierarchy
problem. This is instead achieved by the introduction of supersymmetry, which, among its
benefits, allows gauge coupling unification and, in its R-parity conserving version, also provides
a neutral particle as a dark matter candidate. The absence of any supersymmetric signal at
the LHC and the recent observation of a Higgs boson (h125) of 125 GeV in mass, requires
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either a high SUSY mass scale or larger mixings between the scalar tops [57]. The situation is
severer for more constrained SUSY scenarios like mSUGRA [56], which merge supersymmetric
versions of the SM with minimal supergravity below the Planck scale.
In the current situation, extensions of the Higgs sector with the inclusion of one or more
electroweak doublets and/or of triplets of different hypercharges - in combination with SM
gauge singlets - are still theoretical possibilities in both supersymmetric and non-supersymmetric
extensions of the SM. We have recently shown that a supersymmetric extension of SM with
a Y = 0 triplet and a singlet Higgs superfields [117], called the TNMSSM, is still a viable
scenario, which is compatible with the recent LHC results and the previous constraints from
LEP, while respecting several others direct and indirect experimental limits. Building on our
previous analysis, here we are going to show that the same model allows a light pseudoscalar
in the spectrum, which could have been missed both by older searches at LEP [55] and by the
recent ones at the LHC [50, 51, 52].
Concerning the possible existence of an extended Higgs sector, the observation of a Higgs
boson decaying into two light scalar or pseudoscalar states would be one of its direct manifes-
tations. This detection would also allows us to gather significant information about the cubic
couplings of the Higgs and, overall, about its potential. However, so far neither the CMS
nor the ATLAS collaborations have presented direct bounds on the decays of the Higgs h125
into two scalars. If such scalars are very light (mΦ <∼ 100 GeV), then they cannot be part
of the spectrum of an ordinary CP-conserving minimal supersymmetric extension of the SM
(MSSM). In fact, in that case they are predicted to be accompanied by a heavy pseudoscalar
or by a charged Higgs boson. The only possibilities which are left open require CP-violating
scenarios where one can have a light scalar with a mostly CP-odd component [118]. Such
scenarios, however, are in tension with the recent observations of the decay mode h → ττ
[119].
The natural possibilities for such hidden Higgs bosons are those scenarios characterized by
an extended Higgs sector. In the next-to-minimal supersymmetric standard model (NMSSM)
with a Z3 symmetry, such a light pseudoscalar is part of the spectrum in the form of a pseudo
Nambu-Goldstone mode [120]. This situation gets even more interesting with the addition of
triplets of appropriate hypercharge assignments [117, 66], as in the TNMSSM. In the case of
a Y = 0 Higgs triplet- and singlet-extended scenarios, the triplet does not couple to the Z
boson and the singlet to any gauge boson, and both of them do not couple to fermions.
At LEP the Higgs boson was searched in the mass range less than 114.5 GeV via the pro-
duction of e+e− → Zh and e+e− → hiaj (in scenarios with two Higgs doublets), involving
scalar (hi) and pseudoscalar (aj) with fermionic final states. The Y = 0 TNMSSM thus be-
comes a natural candidate for the such hidden Higgs possibility and therefore can evade the
LEP bounds [55]. However, the situation gets slightly more complicated for Higgs triplets of
non-zero hypercharge because they do couple to the Z boson.
In this chapter we will focus our attention on decays of the Higgs boson into light scalars
and pseudoscalars (h125 → hihj/aiaj). Such light scalar or pseudoscalars, when characterized
by a mostly triplet or singlet component, do not couple directly to fermions but decay to
fermion pairs (b or τ) via their mixing with Higgs bosons of doublet type under SU(2). Thus
their final states are often filled up with b-quarks, and leptons τ and µ’s. The corresponding
leptons and jets are expected to be rather soft, depending on the masses of the hidden scalars.
If the doublet-triplet/singlet mixings in the Higgs sector are very small, they can give rise
to the typical leptonic signature of charged displaced vertices. The goal of our analysis is to
provide a direct characterization of the final states in the decay of a Higgs-like particle which
can be helpful in the search for such hidden scalars at the LHC.
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Figure 4.1: A Feynman diagram depicting the coupling of gluons to the triplet/singlet, via
their mixing with the doublets.
4.3 Higgs decays into two gluons
In the SM the most efficient production process of the Higgs boson is by gluon-gluon (g) fusion
(Figure (4.4)). The amplitude is mediated by a quark loop, which involves all the quarks of
the SM, although the third generation, and in particular the top quark, gives the dominant
contribution. In supersymmetric theories the situation is slightly different, because there
are the up-type and down-type Higgs doublets Hˆu and Hˆd that couple to the up-type and
down-type quarks/squarks respectively. Beside the sparticles contribution, the main difference
between the SM and supersymmetric theories comes in the coupling of the Higgs bosons to
fermions. These are given by
ghiuu¯ = −
i√
2
yuR
S
i1, (4.1)
ghidd¯ = −
i√
2
ydR
S
i2, (4.2)
ghi`¯` = −
i√
2
y`R
S
i2, (4.3)
where RSij is the rotation matrix of the CP-even sector. This means that the top/bottom
contribution can be suppressed/enhanced, depending on the structure of hi. The production
cross section for g, g → hi is related to the decay width of hi → g, g. At leading order, this
decay width is given by
Γ(hi → g, g) = GF αsm
3
h
36
√
2pi3
∣∣∣∣∣∣34
∑
q=t, b
ghiqq¯
(
√
2GF )1/2mq
A1/2(τ
i
q) +
∑
q˜=t˜, b˜
ghiq˜q˜
m2q˜
A0(τ
i
q˜)
∣∣∣∣∣∣
2
, (4.4)
where A0 and A1/2 are the spin-0 and spin-1/2 loop functions
A0(x) = − 1
x2
(x− f(x)) , (4.5)
A1/2(x) =
2
x2
(x+ (x− 1)f(x)) , (4.6)
with the analytic continuations
f(x) =

arcsin2(
√
x) x ≤ 1
−14
(
ln
1+
√
1−1/x
1−
√
1−1/x − ipi
)2
x > 1
(4.7)
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and τ ij =
m2hi
4m2j
. We show in Figure 4.2 the decay width of h1,2 → g, g. In general, this decay
width can be very different from the SM one in the case of supersymmetric theories with an
extended Higgs sector, like the TNMSSM. In fact, in the latter case we have only the doublet
Higgs that couples to the fermions, as shown in Eq. (3.1). This implies that if the Higgs is
mostly triplet- or singlet-like, the fermion couplings are suppressed by RSi1,2, in the limit of
low tanβ. In Figure 4.2 the dashed line is the SM decay width and the color code is defined
as follow: we mark in red the up-type Higgs (¿90%), in blue the down-type, in green the
triplet/singlet-type and in gray the mixed type. A look at Figure 4.2(a) and (b) shows that
for low tanβ the decay width of a triplet/singlet-type Higgs is heavily suppressed. This occurs
because the triplet and singlet Higgses couple to fermions only through the mixing with their
analogue SU(2) doublets. It is also rather evident that the shape of the decay widths for
Higgses of up-type and of mixed-type are similar to those of the SM Higgs, for a large range
of the mass of the extra Higgses. In Figure 4.2(a) it is shown that for a light Higgs which
takes the role of h125, the SM decay width can be provided by the down-type Higgs of the
TNMSSM, even in the case of low tanβ. Figure 4.2(c) and (d) instead show that for a high
value of tanβ the decay width is dominated by the down-type Higgs, hence by the bottom
quark. However it is still possible to have a SM-like decay width mediated by the top quark.
In Figure 4.2(d) it is quite evident that the bottom quark contribution has the same shape
as in the MSSM [100]. In this case the TNMSSM decay width of the Higgs is very different
from the SM one for mh >∼ 200 GeV.
4.4 Higgs decays into pseudoscalars
The most important consequence of the Z3 symmetry of the potential is that the mass of the
pseudoscalar is in the GeV range, ma1 ∼ O(10) GeV, if we choose AS,T,TS,κ,U,D ∼ O(1) GeV.
In this situation the decay h125 → a1, a1 can be kinematically allowed. We study the decay
of h125 → a1, a1 via the decay width, given by
Γhi→aj ,aj =
GF
16
√
2pi
M4Z
Mhi
(
1− 4M
2
aj
M2hi
)∣∣∣∣ ghiajajiM2Z/v
∣∣∣∣2 , (4.8)
where the ghiajaj coupling is given in the appendix. In Figure 4.3(a) and (b) we plot this
decay width as a function of λS and λT respectively. Figure 4.3(a) shows that for |λS | >∼ 0.3
we have scenarios in which the Higgs of doublet-type decays into pseudoscalars of singlet-type,
but Figure 4.3(b) shows no particular structure in the dependence of Γh1→a1,a1 on λT .
Being interested in the fermionic final states of the decay of the SM-like Higgs into the
light pseudoscalar a1, h125 → a1, a1, we gather the relevant coupling of the same pseudoscalars
to fermions, which are given by
gaiuu¯ = −
γ5√
2
yuR
P
i1, (4.9)
gaidd¯ = −
γ5√
2
ydR
P
i2, (4.10)
gai`¯` = −
γ5√
2
y`R
P
i2. (4.11)
Because the triplet, as well as the singlet, do not couple to the fermions, each ai will decay
into fermions only trough a mixing with the doublet Higgses. This means that if a1 is mostly
of triplet or singlet component, its fermionic decay will be suppressed by the rotation elements
RPi1,2. An interesting consequence of this property is that this highly suppressed decay can
generate a displaced vertex for the fermionic final states.
106
mixed
u-type
d-type
ts-type
SM
20 40 60 80 100 120
mh
10-11
10-9
10-7
10-5
0.001
Gh1 ® g , g
(a)
0 200 400 600 800 1000
mh10
-8
10-6
10-4
0.01
1
Gh2 ® g , g
(b)
20 40 60 80 100 120
mh
10-11
10-9
10-7
10-5
0.001
Gh1 ® g , g
(c)
0 200 400 600 800 1000
mh10
-8
10-6
10-4
0.01
1
Gh2 ® g , g
(d)
Figure 4.2: We show a comparison between the SM and the TNMSSM predictions for the
decay width of h1 → g, g (a), h2 → g, g (b) for 1 < tanβ < 15 and h1 → g, g (c), h2 → g, g (d)
for 20 < tanβ < 40. We use the color code to distinguish among the up-type (¿90%) (red),
down-type (blue), triplet/singlet-type (green) and mixed type Higgses (gray).
4.5 Phenomenology and benchmark points
In Table 4.1 we show the mass spectrum along with the other parameters which are necessary
for the identification of three benchmark points. Together with the recent Higgs data we have
also considered the recent bounds on the stop and sbottom masses [121] and the mass bounds
on the lightest chargino from LEP [122]. We have also taken into account the recent bounds
on the charged Higgs boson mass from both CMS [69] and ATLAS [70]. These have been
derived in their searches for light in mass, charged Higgs bosons from the decay of a top quark,
and in decays to τ ν¯. The benchmark points 1 and 2 (BP1 and BP2) are characterized by
one hidden Higgs boson, corresponding to a pseudoscalar particle of singlet-type with a mass
of ∼ 20 and 57 GeV respectively. However BP3 has two hidden Higgs bosons, one of them
a pseudoscalar of singlet-type around ∼ 37 GeV and a second (scalar) one of triplet-type,
around ∼ 118 GeV in mass. In the cases of BP1 & BP2, h1 is the discovered Higgs boson
h125, whereas for BP3 it is h2.
We now turn our attention to the decay of the discovered Higgs boson h125 into a light
pseudoscalar pair a1a1. Table 4.2 shows the branching ratios for the decay of h125, in the
107
-0.5 0.0 0.5
ΛS
10-9
10-7
10-5
0.001
Gh1®a1 , a1
(a)
-0.5 0.0 0.5
ΛT
10-9
10-7
10-5
0.001
Gh1®a1 , a1
(b)
Figure 4.3: We plot the decay width of the h125 to two pseudoscalars (a) with respect to
λS and (b) with respect to λT . The red and orange coloured bands show the region where
B(h125 → a1a1) = 20% , 10% respectively.
case of the three benchmark points that we have selected. The table shows that for BP1
such branching ratio (B) is the lowest B(h125 → a1a1) ∼ 10%, while for BP3 it is the highest
B(h125 → a1a1) ∼ 18%. The discovered decay modes are consistent with the 2σ limits of
h125 → WW ∗, ZZ∗, γγ [50, 52]. Such light pseudoscalars - though mostly singlet or triplet -
decay to the fermionic pairs which are kinematically allowed, via the mixing with the Hu and
Hd doublets. This is because both singlet and triplet Higgses do not couples to fermions (see
Eq. 3.2).
For the benchmark point BP3 there is another hidden scalar which is CP-even, with a mass
around ∼ 118 GeV. h125 cannot decay into this state h1, as it is kinematically forbidden. If
this h1 is produced by other means it can have two-body decays to fermion pairs, as in the
case of the a1, via the mixing with the doublets. It will also have three-body decays (WW
∗,
ZZ∗) via its SU(2) triplet charge and the mixing with the doublets.
For these benchmark points we have computed the production cross-sections of a h125
Higgs boson assuming that it is mediated by the gluon-gluon fusion channel at the LHC.
Table 4.4 presents the cross-sections which include the associated K-factors from the Higgs-
Cross-Section Working Group [36]. In the next section we are going to simulate the production
of such light pseudoscalars produced from the decay of such h125. The choice of this particular
production process is motivated by its large cross-section and by the rather clean final states
ensued, that favour the extraction of the pseudoscalar a1 pair.
4.6 Signature and collider simulation
The discovered Higgs boson h125 can decay into two light pseudoscalars, which further decay
into τ or b pairs. The b’s and τ ’s channel are therefore the relevant ones to look into, in the
search for such hidden decay. For this purpose we have implemented the model in SARAH [43]
and we have generated the model files for CalcHEP [44]. These have been used to generate the
decay file SLHA, containing the decay branching ratios and the corresponding mass spectra.
The generated events have then been simulated with PYTHIA [45] via the the SLHA interface
[46]. The simulation at hadronic level has been performed using the Fastjet-3.0.3 [47] with
the CAMBRIDGE AACHEN algorithm. We have selected a jet size R = 0.5 for the jet formation,
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Benchmark BP1 BP2 BP3
Points
mh1 ∼ 125 ∼ 125 117.73
mh2 183.58 162.59 ∼ 125
mh3 614.14 982.59 791.37
mh4 965.75 1560.7 1051.6
ma1 20.50 57.02 36.79
ma2 435.83 644.50 620.81
ma3 659.20 1018.1 831.51
mh±1
182.84 162.25 117.47
mh±2
436.04 644.55 620.86
mh±3
626.23 989.77 805.58
Table 4.1: Benchmark points for a collider study consistent with the ∼ 125 GeV Higgs mass,
where the hi=1,2,3,4, ai=1,2,3 are at one-loop and h
±
i=1,2,3 masses are calculated at tree level. We
color in red the states which are mostly doublets (> 90%) and in blue those which are mostly
triplet/singlet (> 90%). The points are consistent with the 2σ limits of h125 →WW ∗, ZZ∗, γγ
[50, 52].
Benchmark Branching ratios
Points a1a1 h1h1 a1Z W
+W− bb¯ τ τ¯ µµ¯
BP1 0.106 - 4.02× 10−7 0.138 0.695 0.042 1.50× 10−4
BP2 0.162 - 1.43× 10−8 0.136 0.645 0.039 1.39× 10−4
BP3 0.178 - 1.93× 10−6 0.137 0.628 0.038 1.35× 10−4
Table 4.2: Decay branching ratios of h125 for the three benchmark points, where the h125
mass is calculated at tree level. The kinematically forbidden decays are marked with dashes.
The points are consistent with the 2σ limits of h125 →WW ∗, ZZ∗, γγ [50, 52].
Benchmark Branching ratios(%)
Points bb¯ τ τ¯ µµ¯
BP1 0.939 0.061 2.20× 10−4
BP2 0.943 0.057 2.04× 10−4
BP3 0.942 0.058 2.07× 10−4
Table 4.3: Decay branching ratios of a1 for the three benchmark pointsBPi. The kinematically
forbidden decays are marked with dashes.
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Figure 4.4: Pseudoscalar (triplet/singlet) pair production from Higgs boson produced via
gluon-gluon fusion and their decays, via their mixing with the doublets.
with the following criteria:
• the calorimeter coverage is |η| < 4.5
• the minimum transverse momentum of the jet pjetT,min = 10 GeV and jets are ordered in
pT
• leptons (` = e, µ) are selected with pT ≥ 10 GeV and |η| ≤ 2.5
• no jet should be accompanied by a hard lepton in the event
• ∆Rlj ≥ 0.4 and ∆Rll ≥ 0.2
• Since an efficient identification of the leptons is crucial for our study, we additionally
require a hadronic activity within a cone of ∆R = 0.3 between two isolated leptons to
be ≤ 0.15 p`T GeV, with p`T the transverse momentum of the lepton, in the specified
cone.
We keep the cuts in pT of the leptons and the jets relatively low (pT ≥ 10 GeV), as
they will be generated from the lighter pseudoscalar decays. h125, once produced via gluon-
gluon fusion, will decay into two very light pseudoscalars (ma1 ∼ 20 GeV for BP1). The
light pseudoscalars then will decay further into b or τ pairs (see Table 4.3). The parton level
signatures would be 4b, 4τ and 2b+2τ . In reality, this description is expected to change due to
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ECM σ(gg → h125) in pb
in TeV for benchmark points
BP1 BP2 BP3
13 41.00 41.00 41.00
14 46.18 46.18 46.18
Table 4.4: Cross-section of gg → h125 at the LHC for center of mass energy of 13 and 14 TeV
for the three benchmark points.
hadronization and to the contributions from the initial- and final-state radiation emission in
the presence of b quarks and of τ leptons. The number of jets can indeed increase or decrease
due to these effects. The efficiency of the jet of the b-quark (bjet) is determined through the
determination of the secondary vertex and it is therefore momentum dependent. For this
purpose we have taken - for the bjet’s from tt¯ - the single-jet tagging efficiency equal to 0.5,
while for the remaining components of the final state we have followed closely the treatment
of [115]. Here, in the case of the τjet we have considered the hadronic decay of the τ to be
characterized by at least one charged track with ∆R ≤ 0.1 of the candidate τjet [116].
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`
T distribution (right) for tt¯ and for the signal in BP2.
Figure 4.5 (left) shows the bjet pT coming from the pseudoscalar decays in the case of BP2
with the dominant background tt¯. Clearly one may observe the that bjet’s coming from the
signal (BP2) are rather soft, mostly with pT . 50 GeV. Figure 4.5 (right) shows the transverse
momentum pT of the lepton coming from the signal (BP2) and the dominant backgrounds tt¯
and ZZ. This clearly shows that the signal leptons are very soft (pT . 40 GeV) compared to
the corresponding backgrounds.
Next we have investigated the number of jets in the final states after hadronization. Fig-
ure 4.6 (left) shows the number of jets for the signal (BP2) and for the dominant background
tt¯. Due to the lower cuts in pT , the number of final state jets has increased, in this case,
both for the signal and for the background. The difference is still prominent between the two,
where the signal peaks around 4 jets and tt¯ around 6. Thus a requirement of a relatively lower
number of jets in the final state will remove the dominant tt¯ contribution quite effectively.
Figure 4.6 (right) shows the transverse momentum (pτT ) distribution of the τ at parton
level for the signal in BP2 and the dominant ττ backgrounds coming from ZZ and tt¯. Clearly,
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Figure 4.6: (Left) jet-multiplicity (njet) distributions and (Right) p
τ
T distributions for signal
events coming from the pseudoscalars a1 decays for BP2 and the dominant SM backgrounds
tt¯, ZZ.
the condition of pτT . 50 GeV will reduce effectively the background contributions to the final
state.
4.6.1 2b+ 2τ
In the case of the TNMSSM, the discovered Higgs boson can also decay into a pair of lighter
mass eigenstates a1a1 and/or h1h1. The possibility of producing such light states specially as
singlet-like pseudoscalars has been discussed in [117], and it is shown in Table 4.1. Table 4.2
presents the branching ratios for the decay of h125 for the three benchmark points that we
have selected. Notice that the ratios into the pseudoscalar pair B(h125 → a1a1) is about
10-20%. The a1 pair then decays into b and τ pairs with rates shown in Table 4.3. We have
selected a final state with 2b + 2τ , where one of the a1 decays into a τ pair and the other
one decays into a b pair. This also enhances the combinatorial factor and thus the number of
events in the final state. The dominant SM backgrounds in this case comes from tt¯, ZZ and
bb¯Z.
Figure 4.6 (right) shows that the requirement of a lower number of jets (nj) ≤ 5 will
suppress the tt¯ backgrounds. A similar effect is generated by requiring a lower pT on the τjet’s
and bjet’s (pT . 50 GeV). The corresponding τ decays give rise to very soft neutrinos, and
therefore, by demanding a low missing pT ≤ 30 GeV, we can reduce the backgrounds even
further. The b and τ tagging come with their own efficiencies [115] and [116], but this also
helps in suppressing the other multi-jet backgrounds present from the SM.
In Table 4.5 and Table 4.6 we present the number of events for the three benchmark
points coming both from the signal and the SM backgrounds at the LHC, for a center of
mass energy of 13 TeV and 14 TeV respectively. The tables also show how their values
change with each additional cut. We ask for a final state with nj ≤ 5, in which we demand
the presence of at least two bjet’s and two τjet’s. In our notations, this request is indicated
in the form: nj ≤ 5 [2bjet + 2τjet]. We will be using the ampersand & (a logical and) to
combine additional constraints on the event, either in the form of particle/jet multiplicites or
kinematical restrictions, and define the signal as
sig1 : nj ≤ 5 [2bjet + 2τjet] & 6pT ≤ 30 GeV.
In the expression above, we have also required that the missing transverse momentum is
smaller than 30 GeV (& 6pT ≤ 30 GeV). In addition we apply some other cuts on the signal
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in order to reduce the backgrounds. For instance, in Table 4.5 we introduce a long sequence
of such cuts (first column). In the case of BP1, for instance, the significance, after these
selections, is 4.00σ. The two additional conditions p1 and p2 are then applied as alternative
clauses, and are enclosed into separate rows.
The first sequential cuts include the bjet pair invariant mass veto around mZ , the conditon
that |mbb −mZ | > 10 GeV and, around m125, the condition|mbb −mh125 | > 10 GeV. mZ is
the mass of the Z gauge boson and mh125 is the Higgs mass (125 GeV). Similarly, we also put
veto on the invariant mass of the τjet pair as: |mττ −mZ | > 10 GeV and |mττ −mh125 | > 10
GeV. Finally, since we are searching for hidden Higgs bosons, we demand that mττ < 125
GeV and mbb < 125 GeV respectively, where mbb and mττ are the invariant masses of the b
and τ pairs.
Final states Benchmark Backgrounds
BP1 BP2 BP3 tt¯ ZZ Zh bb¯h bb¯Z
nj ≤ 5 [2bjet + 2τjet] 220.10 591.46 310.19 1824.08 199.50 39.56 11.87 4903.05
& 6pT ≤ 30 GeV
& p
bj1,2
T ≤ 50GeV 211.30 568.14 289.02 410.83 73.04 7.87 3.96 2941.83
& |mbb −mZ | > 10 GeV
& |mbb −mh125 | > 10 GeV 211.30 565.32 289.02 386.18 73.04 7.52 3.96 2614.96
& |mττ −mZ | > 10 GeV 211.30 560.37 289.02 312.23 62.13 6.29 3.46 2397.04
& |mττ −mh125 | > 10 GeV 211.30 560.37 289.02 287.58 62.13 6.18 2.97 2397.04
&mττ < 125GeV 211.30 560.37 289.02 254.71 62.13 6.18 2.97 2397.04
&mbb < 125GeV 211.30 559.66 289.02 230.06 62.13 6.07 2.97 2288.09
Significance 4.00 9.98 5.39
& p1 : |mbb −ma1 | ≤ 10GeV 198.82 281.95 216.04
24.65 0.00 0.22 0.49 326.87
65.73 26.16 1.46 0.49 1307.48
65.73 8.72 1.34 1.00 435.83
Significance 8.47 6.87 8.01
& p2 : |mττ −ma1 | ≤ 10GeV 205.29 229.66 203.63
65.73 3.27 0.33 0.00 0.00
73.95 28.34 1.46 0.49 762.70
41.08 13.08 1.57 1.48 0.00
Significance 12.40 6.94 12.65
Table 4.5: The number of events for a nj ≤ 5 [2bjet + 2τjet] & 6pT ≤ 30 GeV final state at
100 fb−1 of luminosity at the LHC, for a center of mass energy of 13 TeV. We require that
the original signal has a number of jets ≤ 5, of which 2 are bjet’s and 2 are τjet’s, with a
missing pT (6pT ) ≤ 30 GeV. We have denoted with pbj1,2T the transverse momentum of the
bjet’s, with the two b’s labelled as 1 and 2. The final states are selected by imposing a long list
of sequential cuts on the event, indicated with an ampersand (&). The two additional options
p1 and p2 are, however, alternative, and are imposed as additional constraints (a logical or).
For this reason they are enclosed into separate rows.
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Final states Benchmark Backgrounds
BP1 BP2 BP3 tt¯ ZZ Zh bb¯h bb¯Z
nj ≤ 5 [2bjet + 2τjet] 253.10 641.50 361.69 1530.66 223.72 40.35 19.77 4657.83
& 6pT ≤ 30 GeV
p
bj1,2
T ≤ 50 GeV 248.41 605.68 337.04 294.36 85.11 7.80 7.19 3432.09
& |mbb −mZ | > 10 GeV
& |mbb −mh125 | > 10 GeV 248.41 604.89 337.04 294.36 85.11 7.43 7.19 3432.09
& |mττ −mZ | > 10 GeV 248.41 597.73 337.04 255.11 70.52 6.09 5.39 2819.21
& |mττ −mh125 | > 10 GeV 248.41 597.73 337.04 255.11 70.52 5.97 2.40 2819.21
&mττ < 125 GeV 248.41 596.93 337.04 255.11 69.30 5.85 2.40 2819.21
&mbb < 125 GeV 248.41 596.93 337.04 196.24 69.30 5.85 2.40 2574.07
Significance 4.47 10.18 5.98
& p1 : |mbb −ma1 | ≤ 10 GeV 236.43 326.32 279.49
9.81 2.43 0.37 0.00 490.30
68.68 31.61 1.83 1.20 1348.32
29.43 15.81 1.46 0.00 490.30
Significance 8.70 7.74 9.79
& p2 : |mττ −ma1 | ≤ 10 GeV 241.64 248.32 279.49
19.62 6.08 0.49 0.00 0.00
58.87 24.32 1.58 0.00 1103.17
49.06 14.59 1.10 1.80 122.57
Significance 14.78 6.56 12.93
Table 4.6: The number of events for a nj ≤ 5 [2bjet + 2τjet] & 6pT ≤ 30 GeV final state at 100
fb−1 of luminosity at the LHC for center of mass energy of 14 TeV.
.
From Table 4.5 and Table 4.6 we deduce that the most dominant SM backgrounds are
those from tt¯, ZZ, Zh, bb¯h and bb¯Z respectively. Though the 125 GeV bound on the two
invariant masses reduces substantially most of the backgrounds, still the bb¯Z rate remains
relatively large. At this stage the signal significances, for the two benchmark points BP2 and
BP3, both cross the 5σ value at an integrated luminosity 100 fb−1, 9.98σ and 5.39σ, for a
center of mass energy of 13 TeV. In the case of BP1 this value is at the level of 4σ. This is
expected, given that in the case of BP2 the branching ratio B(h125 → a1a1) is about 16% (see
Table 4.2) and the pseudoscalar is relatively heavy, with a mass around 57 GeV. The τjet’s
and bjet’s coming from the decays of the a1 are relatively harder (characterized by a larger
momentum) compared to the benchmark points BP1 and BP3, so less events are cut out by
the threshold on the pT cuts. Thus for BP2 we can reach a 5σ level of signal significance at
an integrated luminosity of 25 fb−1, for a given center of mass energy of 13 TeV. In this case
the signal significance stays very similar also at 14 TeV, with little improvement for each of
the BPi’s. The signal significances, in this case, are 4.47σ, 10.18σ and 5.98σ respectively for
BP1, BP2 and BP3.
Next we have analyzed the invariant mass distributions of the bjet pair for the same bench-
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Figure 4.7: Invariant mass distribution of bjet’s (left) and τjet’s (right) for tt¯ and for the
signal in BP2.
.
mark points. Figure 4.7 (left) presents the bjet pair invariant mass distributions for the signal
in BP1 and BP2, with dominant SM backgrounds coming from tt¯ and bb¯Z. These results sug-
gest that, given the integrated luminosity, it is possible to resolve the resonant peak in the mass
distribution of the signal. To further clarify this point, we select events with |mbb−ma1 | ≤ 10
GeV, that we label as p1. The resolutions of these peaks depend on the specific benchmark
point, but this selection reduces the bb¯Z background drastically, in those cases when ma1 is far
separated from the Z gauge boson mass mZ . The signal significances for all the benchmark
points cross the 5σ level at an integrated luminosity of 100 fb−1, and at 13 TeV they are equal
to 8.47σ, 6.87σ and 8.01σ for BP1, BP2 and BP3 respectively. At a center of mass energy
of 14 TeV the significances are 8.70σ, 7.74σ and 9.79σ in the three cases.
Finally, we simulate the τjet invariant mass distributions, as they are expected to be cleaner
than the bjet distributions. Figure 4.7 (right) shows the invariant mass distributions for both
the signals in BP1 and BP3, and the SM backgrounds from tt¯ and bb¯Z. For this purpose,
similarly to the previous case, we select those events with |mττ − ma1 | ≤ 10 GeV. For the
points which are far away from the Z mass, namely BP1 and BP3, the signal significance
improves significantly, to 12.40σ and 12.65σ respectively, whereas for BP2 it is 6.94σ. At a
centre of mass energy of 14 TeV these value are 14.78σ, 6.56σ and 12.93σ for BP1, BP2 and
BP3 respectively.
4.6.2 3τ
In this subsection we consider the case in which both pseudoscalars decay into τ pairs. In this
case we expect to see a final state of 4τ ’ s. Of course, due to the lower branching ratio in the
a1 → τ τ¯ mode, the final state numbers are not very promising at low luminosities. On top of
that, due to a low τ -tagging efficiency for τ ’s of low pT , the final state number is furtherly
reduced.[116]. Keeping this in mind, we search for final states where we have at least three τ ’s.
We tag such τ ’s via hadronic τjet’s, as explained earlier. The dominant SM backgrounds, in
this case, come from the association of Z bosons, i.e. from ZZ, ZW±, Zh along with the triple
gauge boson productions, namely from ZZZ, ZZW±, W±W∓W±, ZW±W∓ and WWW .
However, the triple gauge boson backgrounds are found to be negligible after imposing the
cuts ( <∼ 0.1) at 100 fb−1. Table 4.7 and Table 4.8 show the expected numbers of events for
the three benchmark points BPi, together with the dominant backgrounds, at an integrated
luminosity of 100 fb−1. The final state that we are looking for is characterized by a number
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Final states Benchmark Backgrounds
BP1 BP2 BP3 ZZ ZW± hZ
nj ≤ 5 [≥ 3τjet] 95.71 199.27 137.21 186.42 437.17 20.68
& |mττ −mZ | > 10 GeV 94.79 197.15 135.02 163.53 363.43 17.42
&mττ ≤ 125 GeV 94.79 197.15 135.02 158.07 326.56 16.07
& p
τj1
T ≤ 100 & p
τj2,3
T ≤ 50 GeV 87.85 184.43 123.34 99.21 210.69 8.31
Significance 4.41 8.22 5.93
& p1 : |mττ −ma1 | ≤ 10 GeV 48.55 54.41 64.96
4.36 21.07 0.90
44.70 89.54 2.70
26.16 42.14 3.82
Significance 5.61 3.93 5.55
Table 4.7: The number of events for a nj ≤ 5 [≥ 3τjet] final state at 100 fb−1 of luminosity at
the LHC with 13 TeV center of mass energy.
of jets nj ≤ 5 among which we tag at least three of them as τjet’s, defined as
sig2 : nj ≤ 5 [≥ 3τjet].
We then add some further kinematical cuts to reduce the backgrounds, as before. These
cuts include the invariant mass veto on the τjet pair, |mττ − mZ | > 10 GeV and we also
demand that mττ ≤ 125 GeV, which allows us to search for hidden resonances. Finally, we
also demand for softer second and third τjet’s by implementing the cuts p
τj1
T ≤ 100 & p
τj2,3
T ≤ 50
GeV.
From Table 4.7 and Table 4.8 one deduces that the ZW± channel remains the most
dominant background of all. The signal significance at this stage for the three benchmark
points are 4.41σ, 8.22σ and 5.93σ for BP1, BP2 and BP3 respectively, at an integrated
luminosity of 100 fb−1 and a center of mass energy of 13 TeV. At 14 TeV these numbers are
3.79σ, 8.38σ and 5.81σ.
As in the previous case, also in this case we try to select events around the pseudoscalar
mass peak by the constraint p1 : |mττ − ma1 | ≤ 10 GeV. The mass resolution depends on
the mass value of a1, but BP1 and BP3 now have more than a 5σ signal significance. For
BP2 ma1 ∼ 57 GeV, and the multiplicities from the backgrounds involving ZZ and ZW± are
more significant than for BP1 and BP3. The signal significance at 13 TeV, with an integrated
luminosity of 100 fb−1 for BP1, BP2 and BP3 are 5.61σ, 3.93σ and 5.55σ respectively. These
values change for collisions at 14 TeV and equal 5.16σ, 4.00σ and 6.03σ in this second case.
4.6.3 2b+ 2µ
The decay rate of the pseudoscalar to µµ¯ is O(10−4), which makes this channel difficult to
observe. If we demand that one of the two pseudoscalars decay into a bb¯ pair and the other into
a µµ¯ pair, the effective cross-section may increase firstly due to the large branching coming
from a1 → bb¯ and, secondly, due to a combinatorial factor of 2, because of the presence of two
pseudoscalars. This gives us the option of investigating a final state 2b+ 2µ.
Table 4.9 and Table 4.10 show the corresponding 2µ final states event numbers for the
benchmark points and the dominant SM backgrounds which include tt¯, ZZ, Zh, bb¯h and bb¯Z
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Final states Benchmark Backgrounds
BP1 BP2 BP3 ZZ ZW± hZ
nj ≤ 5 [≥ 3τjet] 96.34 224.45 146.73 200.62 499.20 18.28
& |mττ −mZ | > 10 GeV 94.78 222.85 142.62 178.73 408.70 15.11
&mττ ≤ 125 GeV 94.78 222.06 141.80 165.36 382.43 13.65
& p
τj1
T ≤ 100 & p
τj2,3
T ≤ 50 GeV 82.80 205.34 133.58 121.59 265.66 7.56
Significance 3.79 8.38 5.81
& p1 : |mττ −ma1 | ≤ 10 GeV 46.35 62.08 79.74
12.16 20.44 1.71
54.71 122.61 2.44
25.53 67.14 2.56
Significance 5.16 4.00 6.03
Table 4.8: The number of events for a nj ≤ 5 [≥ 3τjet] final state at 100 fb−1 of luminosity at
the LHC, for a center of mass energy of 14 TeV.
at an integrated luminosity of 1000 fb−1. We first consider the 2µ& p`1,2T ≤ 50 GeV final
state, largely dominated by the SM backgrounds (see Tables 4.9 and 4.10). Then with impose
further requirements on the numbers of jets and their transverse momentum (pT ), by defining
the signal as
sig3 : nj ≤ 3 [2bjet] &nµ ≥ 2 [|mµµ −mZ | > 5 GeV] & pµ,j1,2T ≤ 50 GeV & 6pT ≤ 30 GeV.
The µ-pair invariant mass veto around the Z mass (|mµµ −mZ | > 5 GeV), together with
the condition of having softer bjet’s in the final state (p
j1,2
T ≤ 50 GeV), conspire to reduce the
SM backgrounds coming from the Z bosons quite drastically. Finally, since this final state
- in an ideal situation - should not have any missing energy, we also demand that 6pT ≤ 30
GeV. To reduce the backgrounds even further, and to ensure that we select signatures of the
light pseudoscalar decay below 125 GeV, we impose additional constraints on the µ-pair and
on the bjet-pair invariant masses, around the Z mass and the mass of h125. These are given
by |mµµ −mh125 | > 5 GeV, |mbb −MZ | ≥ 10 GeV and —mbb −mh125 | > 10 GeV.
At this stage, only in the case of BP2 the signal significance reaches the 3.31σ value, while
for BP1 and BP3 these are 1.03σ, and 1.83σ respectively, at 13 TeV. At a center of mass
energy of 14 TeV, instead, the values are 1.08σ, 2.64σ and 1.18σ respectively for BP1, BP2
and BP3. Later we try to enhance the mass peak resolutions on the bb and µµ invariant mass
distributions by imposing the two constraints (denotes as p1, p2)
p1 : |mbb −ma1 | ≤ 10 GeV and p2 : |mµµ −ma1 | ≤ 5 GeV.
At a center of mass energy of 13 TeV, the mbb peaks are characterized by about a 3σ signal
significance i.e., 3.17σ, 2.63σ and 3.23σ respectively for BP1, BP2 and BP3 at an integrated
luminosity of of 1000 fb−1. At 14 TeV the respective values are 3.17σ, 2.63σ and 3.23σ
respectively for the three benchmarks.
The constraint p2 : |mµµ −ma1 | ≤ 5 GeV, brings BP2 at 5.36σ, BP1 at 2.04σ, and BP3 at
3.22σ, for a center of mass energy of 13 TeV. At 14 TeV the significances are 4.71σ, 3.82σ
and 3.00σ in the three cases, respectively.
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Final states Benchmark Backgroounds
BP1 BP2 BP3 tt¯ ZZ Zh bb¯h bb¯Z
2µjet & p
`1,2
T ≤ 50 GeV 1877.23 3660.42 3167.55 909080 132161 2669.20 657.71 6.3× 106
&nj ≤ 3 & bjet ≥ 2
69.36 226.13 124.07 4765.60 457.87 15.73 14.83 28.60& |mµµ −mZ | > 5 GeV
& p
j1,2
T ≤ 50GeV & 6pT ≤ 30 GeV
& |mµµ −mh125 | > 5 GeV 69.36 226.13 124.07 4190.45 359.76 14.61 14.83 28.60
& |mbb −MZ | ≥ 10 GeV
& |mbb −mh125 | > 10 GeV 69.36 226.13 124.07 4026.11 359.76 13.49 14.83 28.60
Significance 1.03 3.31 1.83
& p1 : |mbb −ma1 | ≤ 10 GeV 64.73 98.93 80.28
328.66 0.00 0.00 4.94 19.67
1150.32 141.72 5.62 9.89 9.53
492.99 43.61 2.25 0.00 0.00
Significance 3.17 2.63 3.23
& p2 : |mµµ −ma1 | ≤ 5 GeV 41.61 148.40 72.98
328.66 43.61 1.12 0.00 0.00
575.15 32.70 0.00 0.00 9.53
410.83 21.80 1.12 4.94 0.00
Significance 2.04 5.36 3.22
Table 4.9: The number of events for the nj ≤ 3 [2bjet] & ≥ 2µ& 6pT ≤ 30 GeV final state at
1000 fb−1 of luminosity at the LHC, for a center of mass energy of 13 TeV. The constraint
(& ≥ 2µ) requires the presence of at least 2 muons. The clause (& bjet ≥ 2) demands at least
2 jets of b quarks, denoted as bjet.
4.6.4 2τ + 2µ
In this section we discuss a scenario where one of the pseudoscalars decays into a τ pair and
the second one into a µ pair. Due to the low branching ratios of these two modes, even with
a large integrated luminosity, the signal remains small. It is however accompanied by a SM
backgrounds for such final states (2τ + 2µ) which is quite suppressed. As in the previous
cases, also in this case we tag the τ via its hadronic decay into a τjet [116]. The threshold pT
cuts both for the τjet and for the muons are kept as low as 10 GeV, since we are considering
the decay of a very light pseudoscalar.
The results of this analysis are reported in Table 4.11 and Table 4.12, where we present
the number of events for the benchmark points and the dominant SM backgrounds, for a
center of mass energy of 13 and 14 TeV and an integrated luminosity of 1000 fb−1. We
search for a muon pair and at least two τ ’s in the final state. Though muons (µ) will be
detected as a charged leptons, the τ ’s will be detected via their hadronic decays as τjets’s
[116]. Being the two pseduoscalars light, we require both the µ and the τ jets to be rather
soft (i.e. (p
`1,2
T &p
j1,2
T ) ≤ 50 GeV) in the final state. This defines the signal as
sig4 : nj ≤ 3 [2τjet] & ≥ 2µ& 6pT ≤ 30 GeV.
Tagging both muons and requiring the cut pT ≤ 50 GeV for the transverse momentum
pT of the τjet, will suppress much of the hard SM backgrounds, favouring the search for a
low mass resonance, in this case a light pseudoscalar. The dominant backgrounds in this
case comes from the SM ZZ and hZ channels. The background due to the a1Z channel is
negligible, due to the mostly-singlet nature of the a1. We have also checked for other triple
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Final states Benchmark Backgrounds
BP1 BP2 BP3 tt¯ ZZ Zh bb¯h bb¯Z
2µjet & p
`1,2
T ≤ 50 GeV 2281.00 4011.37 3362.13 788683 141428 2926.71 946.42 7× 106
&nj ≤ 3 & bjet ≥ 2
67.70 167.14 73.99 5102.21 583.61 20.72 17.97 10.72& |mµµ −mZ | > 5 GeV
& p
j1,2
T ≤ 50GeV & 6pT ≤ 30 GeV
|mµµ −mh125 | > 5 GeV 67.70 167.14 73.99 3630.42 510.66 9.75 11.98 0.00
& |mbb −MZ | ≥ 10 GeV
& |mbb −mh125 | > 10 GeV 67.70 167.14 73.99 3336.06 498.50 9.75 11.98 0.00
Significance 1.08 2.64 1.18
& p1 : |mbb −ma1 | ≤ 10 GeV 67.70 79.60 57.54
196.24 0.00 0.00 0.00 0.00
1373.67 255.33 1.22 0.00 0.00
686.83 24.32 2.44 0.00 0.00
Significance 4.16 1.93 2.08
& p2 : |mµµ −ma1 | ≤ 5 GeV 41.66 103.47 45.21
0.00 36.47 0.00 0.00 0.00
588.72 36.47 0.00 5.99 0.00
98.12 85.11 0.00 0.00 0.00
Significance 4.71 3.82 3.00
Table 4.10: The number of events for nj ≤ 3 [2bjet] & ≥ 2µ& 6pT ≤ 30 GeV final state at 1000
fb−1 of luminosity at the LHC for center of a center of mass energy of 14 TeV.
Final states Benchmark Backgrounds
BP1 BP2 BP3 ZZ Zh
2µ&nj ≤ 3 [2τjet]
16.18 14.13 29.19 490.58 28.10
& p
`1,2
T & p
j1,2
T ≤ 50 GeV
& |mµµ −mZ | ≥ 5 GeV 16.18 14.13 29.19 218.03 9.00
& |mττ −mZ | > 10 GeV 16.18 14.13 29.19 163.53 9.00
& |mττ | < 125 GeV 16.18 14.13 29.19 152.62 7.87
Significance 1.22 1.07 2.12
& p1 : |mττ −ma1 | ≤ 10 GeV 11.56 14.13 21.90
0.00 0.00
54.51 1.12
32.70 1.12
Significance 3.40 1.70 2.93
& p2 : |mµµ −ma1 | ≤ 5 GeV 6.94 7.07 0.00
0.00 0.00
0.00 0.00
43.61 2.25
Significance 2.63 2.65 -
Table 4.11: The number of events for nj ≤ 3 [2τjet] & ≥ 2µ& 6pT ≤ 30 GeV final state at 1000
fb−1 of luminosity at the LHC for a center of mass energy of 13 TeV.
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Final states Benchmark Backgrounds
BP1 BP2 BP3 ZZ Zh
2µ&nj ≤ 3 [2τjet]
15.62 31.84 41.10 498.50 20.72
& p
`1,2
T & p
j1,2
T ≤ 50 GeV
& |mµµ −mZ | ≥ 5 GeV 15.62 31.84 41.10 145.90 7.31
& |mττ −mZ | > 10 GeV 15.62 31.84 41.10 121.58 3.66
& |mττ | < 125 GeV 15.62 31.84 41.10 121.58 2.44
Significance 1.32 2.55 3.20
& p1 : |mττ −ma1 | ≤ 10 GeV 15.62 15.92 28.77
24.32 0.00
24.32 0.00
48.63 0.00
Significance 2.47 2.51 3.27
& p2 : |mµµ −ma1 | ≤ 5 GeV 5.21 7.96 12.33
0.00 1.22
0.00 0.00
24.32 0.00
Significance 2.05 2.82 2.04
Table 4.12: The number of events for nj ≤ 3 [2τjet] & ≥ 2µ& 6pT ≤ 30 GeV final state at 1000
fb−1 of luminosity at the LHC for center of mass energy (ECM) of 14 TeV.
gauge boson contributions to this final states, but they are all either zero or negligible. To
reduce further the SM backgrounds we apply a veto on the mass peak of the Z boson, by
requiring that |mµµ − mZ | ≥ 5 GeV and |mττ − mZ | > 10 GeV respectively. As one may
deduce from Table 4.11 and Table 4.12, the application of these two cuts, though reduces
the SM backgrounds quite drastically, does not affect the signal, which remains unchanged.
Finally, we apply the constraint |mττ | < 125 GeV to ensure the search for hidden scalars, i.e.,
ma1 < 125 GeV, which causes an even larger suppression of the background. At this level
the signal significances are still below 3σ at 13 TeV and reach 3.20σ only in the case of the
benchmark point BP3, at 14 TeV.
Next we apply the constraint p1 : |mττ −ma1 | ≤ 10 GeV to favour the search for a possible
mass peak of the pseudoscalar and this enhances the signal significance to 3.40σ, 1.70σ and
2.93σ respectively for BP1, BP2 and BP3 at 13 TeV. At 14 TeV these numbers are 2.47σ,
2.51σ and 3.27σ respectively. Similar peaks around µ pair invariant mass distribution, i.e.
with p2 : |mµµ−ma1 | ≤ 5 GeV, give signal significances of 2.63σ and 2.65σ for BP1 and BP2,
at a center of mass energy of 13 TeV. BP3 in this case runs out of statistics. At 14 TeV the
signal significances are 2.05σ, 2.82σ and 2.04σ respectively. The leptonic modes thus need
higher luminosities >∼ 2000 fb−1 in order to reach the discover limit for a light pseudoscalar.
Conclusions
We have considered a scenario with an extended Higgs sector characterized by a Y = 0
hypercharge SU(2) triplet and a gauge singlet superfields, along with the remaining MSSM
superfields. The triplet vev is restricted by the ρ parameter, hence the µeff is generated
spontaneously mostly by the singlet vevs. In models with gauged U(1)′ symmetry the singlet
could be invoked in the mass generation of the extra gauge boson Z ′ by spontaneous symmetry
breaking. This would require a large singlet vev vS , due to the recent bounds on extra Z
′
coming from the analysis at the LHC [101].
We have first investigated the masses of the Higgs sector of the model at tree-level. The
lightest tree-level Higgs state, in this case, is not bounded to lay below MZ , due to the
additional contributions from the triplet and the singlet, which are proportional to their
respective couplings and are enhanced at low tanβ. This allows to reduce the size of the
quantum correction needed in order to reach the ∼ 125 GeV at one-loop, compared to the
MSSM or to others constrained MSSM scenarios. Then we have extended our analysis at
one-loop level. The one-loop Higgs with mass around ∼ 125 GeV puts some indirect bounds
on the masses of the particles contributing in the radiative corrections. For this purpose we
have included the one-loop contributions using the Coleman-Weinberg potential. We have also
presented results for the neutralino, and charginos spectra, together with the stop and sbottom
mass matrices. We have calculated full one-loop Higgs masses considering all the weak sectors
and the strong sectors. We also showed that the gauge boson-gaugino-higgsino sectors mostly
contribute negatively to the mass eigenstates, while the stop-top, sbottom-bottom and Higgs
sectors contribute positively. Due to the large number of scalars, seven neutral and three
charged Higgs bosons, the Higgs self corrections can be larger than the strong corrections in
the large λT,S limit. This substantially reduces the indirect lower bounds on the stop and
sbottom masses. Thus in TNMSSM the discovery of a ∼ 125 GeV Higgs boson does not put
a stringent lower bound on the stop and sbottom masses, and one has to rely on direct search
results for the lower bounds on the SUSY mass scale.
We have implemented the model in SARAH3.5 [43] in order to generate the vertices and
other model files for CalcHEP [44]. The beta-functions have also been generated at one-loop.
We have addressed the issues of perturbativity of the couplings at the higher scale, as we have
run the corresponding renormalization group equations from the electroweak scale up. This
has shown that the couplings of the model at the electroweak scale need to be restricted to
certain values. For example, even with a value of λT,S ∼ 0.8 at the electroweak scale, the
theory remains perturbative up to 108−10 GeV. Setting all the couplings at a value (λTS ∼ 0.8,
κ ∼ 2.4) the upper scale in the perturbative evolution gets lowered to 104−6 GeV. The issue
of fine-tuning at the electroweak scale has been discussed in this context. We have seen that
although the tree-level mass spectrum is highly fine-tuned for larger λT,S , the amount of fine
tuning is reduced after the inclusion of the radiative corrections.
The prospects for hidden Higgs(es), which are scalars and/or pseudoscalars of mass lower
than the current Higgs mass, has been discussed quite thoroughly. We have seen that in the
rich Higgs spectrum of the model there are several possibilities for having one or more hidden
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neutral Higgs bosons (. 125 GeV) both CP-even and CP-odd. A special scenario emerges
when we break the continuous U(1) symmetry softly by the parameters Ai. This leads to
the appearance of a very light pseudoscalar state of O(1) GeV to O(1) MeV in mass, which
has its own interesting phenomenology. Finally, we have discussed the doublet-triplet-singlet
mixing which influences the productions and decays of neutral and charged Higgs bosons at
the LHC. The existence of a h±i −W∓ − Z tree-level vertex, due to the triplet, impacts both
the production as well as the decay channels of the charged Higgs bosons [63]. In the presence
of a light pseudoscalar, the hi → Zaj channel is a possibility due to the very light mass of
the pseudoscalar(s). Both the triplet and the singlet states do not couple to the fermions,
which leads to some very interesting phenomenology. This property also has an impact on
rare decays like b→ µµ and b→ sγ [60, 88]. Given the rich phenomenology and the specific
predictions of this model, the current analysis at the LHC and future colliders could be able
to test and shed a light on this scenario by looking at its interesting signatures.
We focus our attention on a typical mass spectrum with a doublet-like CP-even Higgs
boson around 125 GeV, a light triplet-like charged Higgs boson and a light singlet-like pseu-
doscalar. The existence of light singlet-like pseudoscalar and triplet-like charged Higgs boson
enrich the phenomenology at the LHC and at future colliders. In general we expect to have
mixing between doublet and triplet type charged Higgs. We find that in the decoupling
limit, λT ' 0, one should expect two triplet-like and one doublet-like massive charged Higgs
bosons. However since the Goldstone boson is a linear combination which includes a triplet
contribution ∼ vT /v (see Eq. 3.55), one of the massive eigenstates triplet cannot be 100%
triplet-like. Recent searches by both CMS [69] and ATLAS [70] are conducted for a charged
Higgs mainly of doublet-type and coupled to fermions. For this reason such a state can be
produced in association with the top quark and can decay to τν. Clearly, these searches have
to be reinvestigated in order to probe the possibility of triplet representations of SU(2) in the
Higgs sector. The breaking of the custodial symmetry via a non-zero triplet vev generates
h±i −W∓ − Z vertex at the tree-level in TNMSSM. This leads to the vector boson fusion
channel for the charged Higgs boson, which is not present in the MSSM or the 2HDM. On top
of that the Z3 symmetric superpotential of TNMSSM has a light pseudoscalar a1 as a pseudo
NG mode of a global U(1) symmetry, known as the ”R-axion” in the literature. However the
later can also be found in the context of the Z3 symmetric NMSSM. In this case the light
charged Higgs boson can decay to a1W
± [110, 111, 112, 113] just like in the TNMSSM. In the
context of a CP-violating MSSM, such modes can arise due to the possibility of a light Higgs
boson h1 and of CP-violating interactions. A charged Higgs boson can decay to h1W
± [118],
just as in our case. Therefore, one of the challenges at the LHC will be to distinguish among
such models, once such a mode is discovered. Triplet charged Higgs bosons with Y = 0,
however, have some distinctive features because they do not couple to the fermions, while the
fusion channel ZW± is allowed.
The phenomenology of such triplet-like charged Higgs boson has already been studied
in the context of TESSM [75]. Such charged Higgs bosons also affect the predictions of B-
observables [72, 73] for missing the coupling to fermions and to the Z boson. However in
TESSM, even though the charged Higgs boson decays to ZW± [75], the possibility of a light
pseudoscalar is not so natural [72, 73, 74, 75]. Indeed, one way to distinguish between the
TESSM and the TNMSSM is to exploit the prediction of a light pseudoscalar in the second
model, beside the light triplet type charged Higgs boson. We expect that such a Higgs in
the TNMSSM will be allowed to decay both to ZW± as well as to a1W±, the former being a
feature of the triplet nature of this state, and the latter of the presence of an R-axion in the
spectrum of the model.
We have investigated the discovery potential of a light pseudoscalar sector which is present
in this model. Our analysis has been performed assuming as a production mechanism the
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gluon-gluon fusion channel of the 125 GeV Higgs h125, and focused on the currents experi-
mental rates on its decay into the WW ∗, ZZ∗ and γγ derived at the LHC. Given the current
uncertainties in these discovered modes as well as in other (fermionic) modes of the Higgs, we
have investigated the possibility that such uncertainties are compatible with the production
of two light pseudoscalars, predicted by the TNMSSM, which have so far been undetected.
Benchmarking three points in the parameter space of the model, we have proposed and
simulated final states of the form 2b+ 2τ , 3τ , 2b+ 2µ and 2τ + 2µ, derived from the decays of
such pseudoscalars. A PYTHIA-FastJet based simulation of the dominant SM backgrounds
shows that, depending on the benchmark points, such light pseudoscalars can be probed with
early LHC data (∼ 25 fb−1) at 13 and 14 TeV. The 2τ + 2µ decay modes of such states,
though much cleaner compared to other channels, need higher luminosity (∼ 2000 fb−1) in
order to be significant. Nevertheless, such muon final states will be crucial for precision mass
measurements of the a1. In this case, due to the Z − a1 − a1 coupling, one may consider the
production of an a1 pair directly at tree-level, and this can enhance the signal strength by
about 10%.
The identification of such hidden scalars would be certainly a signal in favour of an ex-
tended Higgs sectors, but finding the triplet and singlet SU(2) representations of these extra
states would require more detailed searches. Clearly, there are some other distinctive features
of this model respect to the NMSSM. The NMSSM does not have any extra charged Higgs
bosons compared to the MSSM, while the TNMSSM has an extra triplet-like charged Higgs
boson which does not couple to fermions and can decay to h± → ZW±. This possibility
changes the direct bounds derived from searches for a charged Higgs at the LHC, as well as
the indirect bounds on flavour. These changes are due to the doublet-triplet mixing in the
charged Higgs and chargino sectors of the triplet extended model [123]. Such sectors can be
very useful in order to establish the SU(2) content of the extra scalars, since in this model a
very light triplet-like charged Higgs states cannot be ruled out [124].
Finally, the superpartners of this triplet- and singlet- like scalars can be dark matter
candidates. In particular, a light pseudoscalar sector provides the much needed annihilation
channel in order to respect the correct dark matter relic density. As we have seen, both direct
and indirect constraints can play a significant role in the searches for scalars in higher repre-
sentations of the SU(2) gauge symmetry, setting a clear distinction respect to the ordinary
doublet construction, which is typical of the SM.
Part II
Applications to Gravitational
Lensing of the TVV and TFF
correlators
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Chapter 5
Radiative Effects in Gravitational
Lensing
5.1 Synopsis
This chapter develops an application of the trilinear vertices TV V and TFF , where F denotes
a fermion, in our case a neutrino, computed at one-loop in the SM, to the case of propagation
of photons and neutrinos in a gravitational background. These vertices, as already pointed
out in previous chapters, are responsible for the tree level interaction between gravity and the
fields of the SM. The study is built around previous analysis of the same topic, with the idea
to investigate the role of the conformal anomaly in the process of gravitational lensing. As
already pointed out in [125], the effect of the conformal anomaly manifests in some corrections
to the classical Einstein’s formula for the deflection in General Relativity (GR). Here we
propose a method to incorporate radiative effects in the classical lens equations of neutrinos
and photons. The study is performed for a Schwarzschild metric, generated by a point-
like source, and expanded in the Newtonian potential at first order. We use a semiclassical
approach, where the perturbative corrections to neutrino scattering, evaluated at one-loop
in the Standard Model, are compared with the Einstein formula for the deflection using an
impact parameter formulation. As just mentioned, for this purpose we use the renormalized
expression of the graviton/fermion/fermion vertex presented in previous studies. We show the
agreement between the classical and the semiclassical formulations, for values of the impact
parameter bh of the neutrinos of the order of bh ∼ 20, measured in units of the Schwarzschild
radius. The analysis is then extended with the inclusion of the post Newtonian corrections
in the external gravity field, showing that this extension finds application in the case of
the scattering of a neutrino/photon off a primordial black hole. The energy dependence of
the deflection, generated by the quantum corrections, is then combined with the standard
formulation of the classical lens equations. We illustrate our approach by detailed numerical
studies, using as a reference both the thin lens and the nonlinear Virbhadra-Ellis lens.
5.2 Introduction
According to classical GR massless particles follow null spacetime geodesics which bend sig-
nificantly in the presence of very massive sources. The gravitational lensing enforced on their
spatial trajectories provides important information on the underlying distributions of matter
and, possibly, of dark matter, which act as sources of the gravitational field.
Several newly planned weak lensing experiments such as the Dark Energy Survey (DES) [126],
the Large Synoptic Survey Telescope (LSST)[127], both ground based, or from space with the
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Wide-Field Infrared Survey Telescope (WFIRST) [128] and Euclid [129], are expected to push
forward, in the near future, the boundaries of our knowledge in cosmology.
In the analysis of the deflection by a single compact and spherically symmetric source, one
significant variable, beside the mass of the source, is the impact parameter of the incoming
particle beam, measured respect to the center of the source, which determines the size of the
deflection. It is very convenient to measure the impact parameter (b), which is typical of a
given collision, in units of the Schwarzschild radius rs ≡ 2GM , denoted as bh ≡ b/rs. In
the Newtonian approximation for the external background, this allows to scale out the entire
mass dependence of the lensing event.
For an impact parameter of the beam of the order of 105 − 106, the corresponding deflection
is rather weak, of the order of 1-2 arcseconds, as in the case of a photon skimming the sun.
Stronger lensing effects are predicted as the particle beam nears a black hole, with deflections
which may reach 30 arcseconds or more. These are obtained for impact parameters bh of
the order of 2 × 104. Even larger deflections, of 1 to 2 degrees or a significant fraction of
them, are generated in scatterings which proceed closer to the event horizon [125]. In fact, as
we are going to show, for closer encounters, with the beam located between 20 and 100 bh,
such angular deflections are around 10−2 radians in size, as predicted by classical GR. A high
energy cosmic ray of 10-100 GeV will then interact with the field of the source by exchanging
momenta far above the MeV region, and will necessarily be sensitive to radiative effects, such
as those due to the electroweak corrections.
Interactions with such momentum exchanges cannot be handled by an effective Newtonian
potential, as derived, for instance, from the (loop corrected) scattering amplitude. We re-
call that, in general, in the derivation of such a potential, one has to take into account only
non-analytic terms in the momentum transfer q. These are obtained from a given amplitude
and/or gravitational form factor of the incoming particle after an expansion at small mo-
mentum. The analytic terms in the expansion correspond to contact interactions which are
omitted from the final form of the potential, being them proportional to Dirac delta functions.
As one can easily check by a direct analysis, non-analytic contributions originate from massless
exchanges in the loops, which approximate the full momentum dependence of the radiative
corrections only for momentum transfers far below the MeV region. Therefore, the validity
of the method requires that the typical impact parameter of the beam, for a particle with
the energy of few GeV’s, be of the order of 106 Schwarzschild radii and not less. For such
a reason, if we intend to study a lensing event characterized by a close encounter between a
cosmic ray and a black hole, we need to resort to an alternative approach, which does not
suffer from these limitations.
Finally, with the photon sphere located at bh ∼ 2.5 for a Schwarzschild metric, one expects
that very strong deflections are experienced by a beam for scattering events running close to
such a value of the impact parameter. This is also the radial distance from the black hole
center at which the scattering angle diverges. A simple expansion of the Einstein formula
for the deflection shows that this singularity is logarithmic [125]. In such extreme cases the
beam circulates around the source one or more times before escaping to infinity, generating a
set of relativistic images [130]. This is also the region where the simple Newtonian approach,
discussed in [125], fails to reproduce the classical GR prediction, as expected.
5.3 Comparing classical and semiclassical effects
The analysis of possible extensions of the classical GR prediction for lensing, with the inclusion
also of quantum effects in the interaction between the particle source and the deflector (lens),
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has not drawn much attention in the past, except for a couple of very original proposals
[131, 132]. While these effects are expected to be small, even for huge gravitational sources
such as massive/supermassive black holes, they could provide, in principle, a way to test the
impact of quantum gravity and of other radiative corrections to the propagation of cosmic
rays. Close encounters of a beam with a localized source, which could be a large black hole
or a neutron star, are expected to be quite common in our universe, although the probability
of identifying a lensing event characterized by a close alignment between the source, the lens
and an earth based detector, especially for neutrinos, is exceedingly rare [133]. The situation
might be more promising for photons in close encounters with primordial black holes, revealed
by resorting to spaceborne detectors.
Such is the FERMI satellite [134], with source beams given by Gamma Ray Bursts (GRBs)
[135], which could detect fringes between primary and secondary paths of the GRBs on its
ultra sensitive camera, generated by a gravitational time delay. This approach was termed
in [135] ”femtolensing”, due to the size of the Einstein radius characteristic of these events,
which was estimated to be of the order of a femtoarcsecond. As shown in [135], a classical
GR analysis based on the thin lens equation can be applied quite straightforwardly also to
this extreme situation.
An important point which needs to be addressed, in this case, concerns the quantum features
of these types of lensing events, since the Schwarzschild radius of a primordial black hole,
for a gamma ray photon, is comparable to its wavelength. Our analysis draws a path in this
direction.
The classical deflections of photons, as pointed out in the past and in a recent work
[125], can be compared at classical and quantum levels by equating the classical gravitational
cross section, written in terms of the impact parameter of the incoming photon beam, to
the perturbative cross section. The latter is expanded in ordinary perturbation theory with
the inclusion of the corresponding radiative corrections. The result is a differential equation
for the impact parameter of the beam, whose solution provides the link between the two
descriptions. In particular, the energy dependence, naturally present in the cross section
starting at one-loop order, allows to derive a new formula which relates bh to the energy E
of the beam and to the angle of deflection α, bh(E,α). This dependence, which is absent in
Einstein’s formula, propagates into all the equations for the usual observables of any lensing
process: magnifications, cosmic shears, the light curve of microlensing events and Shapiro
time delays. Clearly, such a dependence implies, as noted in [136], that radiative corrections
induce a violation of the classical equivalence principle in General Relativity. The violation
of the equivalence principle, viewed from a quantum perspective, is not surprising, since this
principle is inherently classical and requires the localization of the point particle trajectory
on a geodesic. It can be summarized in the statement that an experiment will not be able to
determine the nature of the point particle which is subjected to gravity, except for its mass.
The notion of a point particle clearly clashes with the quantum description, which is, on the
other hand, inherently tight to Heisenberg’s indetermination principle. For this reason, one
expects that the inclusion of radiative corrections will cause a violation of such principle.
Gravity, in this approach, is treated as an external background and the transition ampli-
tude involves on the quantum side, in the photon case, the TV V vertex, where T denotes the
energy momentum tensor (EMT) of the Standard Model and V the electromagnetic current.
In the fermion case (f), the corresponding vertex is the Tff , with f denoting a neutrino. The
comparison between the classical and the semiclassical formula for the deflection derived by
this method can then be performed at numerical level, as shown in [125] for the photons. The
energy dependence of the bending angle, for a given impact parameter of the photon beam,
though small, is found to become more pronounced at higher energies, due to the logarithmic
growth of the electroweak corrections with the energy.
127
The goal of our present work is to propose a procedure which allows to include these
effects in the ordinary lens equations, illustrating in some detail how this approach can be
implemented in a complete numerical study. We mention that our semiclassical analysis is
quite general, and applies both to macroscopic and to microscopic black holes. In the case of
macroscopic black holes the procedure has to stop at Newtonian level in the external field.
In fact, post-Newtonian corrections, though calculable, render the perturbative expansion in
the external (classical) gravitational potential divergent, due to the macroscopic value of the
Schwarzschild radius. On the other hand, in the case of primordial black holes, the very same
corrections play a significant role in the deflection of a cosmic ray, and bring to a substantial
modification of the classical formulas.
We will firstly extend a previous analysis of photon lensing [125], developed along similar
lines, to the neutrino case, presenting a numerical study of the complete one-loop corrections
derived from the electroweak theory. The formalism uses a retarded graviton propagator
with the effects of back reaction of the scattered beam on the source not included, as in a
typical scattering problem by a static external potential. In this case, however, because of
the presence of a horizon, we search for a lower bound on the size of the impact parameter of
the collision where the classical GR prediction and the quantum one overlap. Indeed, above
the bound the two descriptions are in complete agreement. As already mentioned above,
both in the fermion as in the photon case [125], this bound can be reasonably taken to lay
around 20 bh, which is quite close to the horizon of the classical source. For smaller values
of bh (4 < bh < 20), the two approaches are in disagreement, since the logarithmic singularity
in the angle of deflection, once the beam gets close to the photon sphere, starts playing a
significant role. This is expected, given the assumption of weak field for the gravitational
coupling, which corresponds to the Newtonian approximation in the metric.
Than we deal with the implementation of the semiclassical deflection within the formalism
of the classical lens equations. We use the energy dependence of the angular deflection to
derive new lens equations, which are investigated numerically. We quantify the impact of
these effects both in the thin lens approximation, where the trigonometric relations in the
lens geometry are expanded to first order, and for a lens with deflection terms of higher
order included. As an example, in this second case, we have chosen the Virbhadra-Ellis [137]
lens equation. The observables that we discuss are limited to solutions of these equations
and to their magnifications, although time delays, shears and the light curves of a typical
microlensing event can be easily included in this framework. We anticipate that the effects
that we quantify are small and cover the milliarcsecond region, remaining quite challenging
to detect at experimental level. We hope though, that the framework that we propose can
draw further interest on this topic in the future, both at theoretical and at phenomenological
level.
Finally we discuss the post Newtonian formulation of the impact parameter formalism,
and apply it to the case of a compact source with a microscopic Schwarzschild radius. This
is the only case in which the gravitational corrections to the Newtonian cross section can be
consistently included in our approach in a meaningful way. We then summarize our analysis
and discuss in the conclusions some possible future directions of possible extensions of our
work.
5.4 Gravitational interaction of neutrinos
We start our analysis with a brief discussion of the structure of the gravitational interaction
of neutrinos, building on the results of [138, 139], to which we refer for additional details, and
that we are going to specialize to the case of a massless neutrino. An analysis of gravity with
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the fermion sector is contained in [140]. We simply recall that the dynamics of the Standard
Model in external gravity is described by the Lagrangian
S = SG + SSM + SI = − 1
κ2
∫
d4x
√−g R+
∫
d4x
√−gLSM + χ
∫
d4x
√−g RH†H. (5.1)
This includes the Einstein term SG, the SSM action and a term SI involving the Higgs doublet
H [141], called the term of improvement. SSM , instead, is obtained by extending the ordinary
Lagrangian of the Standard Model to a curved metric background. The term χ is a parameter
which, at this stage, is arbitrary and that at a special value (χ ≡ χc = 1/6) guarantees the
renormalizability of the model at leading order in the expansion in κ.
Deviations from the flat metric ηµν = (+,−,−,−) will be parametrized in terms of the
gravitational coupling κ, with κ2 = 16piG and with G being the gravitational Newton’s
constant. At this order the metric is given as gµν = ηµν + κhµν , with hµν describing its
fluctuations. We will consider two spherically symmetric and static cases, corresponding to
the Schwarzschild and Reissner-Nordstrom metrics. The first, in the weak field limit and in
the isotropic form is given by
ds2 ≈
(
1− 2GM|~x|
)
dt2 −
(
1 +
2GM
|~x|
)
d~x · d~x. (5.2)
In this case the fluctuation tensor takes the form
hµν(x) =
2GM
κ|~x| S¯µν , S¯µν ≡ ηµν − 2δ
0
µδ
0
ν . (5.3)
The inclusion of higher order terms in the weak field expansion will be discussed in the
following sections.
The coupling of the gravitational fluctuations to the fields of the Standard Model involves the
EMT, which is defined as
Tµν =
2√−g
δ (SSM + SI)
δgµν
∣∣∣∣
g=η
(5.4)
with a tree-level coupling summarized by the action
Sint = −κ
2
∫
d4xTµνh
µν , (5.5)
where Tµν is symmetric and covariantly conserved. The complete expression of the EMT of
the Standard Model, including ghost and gauge-fixing contributions can be found in [27].
The Higgs field is parameterized in the form
H =
(
−iφ+
1√
2
(v + h+ iφ)
)
(5.6)
in terms of h, φ and φ±, which denote the physical Higgs and the Goldstone bosons of the Z
and W ′ s respectively. v is the Higgs vacuum expectation value. The terms of the Lagrangian
SI , generate an extra contribution to the EMT which is given by
TµνI = −2χ(∂µ∂ν − ηµν)H†H = −2χ(∂µ∂ν − ηµν)
(
h2
2
+
φ2
2
+ φ+φ− + v h
)
, (5.7)
the term of improvement, which can be multiplied by an arbitrary constant (χ). As mentioned
above, it is mandatory to choose the value χ = 1/6 for any insertion of the EMT on the
correlators of the Standard Model. These are found to be ultraviolet finite only if TµνI is
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included [141, 27, ?].
We will be dealing with the Tff¯ vertex, where T denotes the EMT and f ≡ νf a neutrino of
flavour f , and work in the limit of zero mass of the neutrinos. The vertex, to lowest order, is
obtained from the EMT of the neutrino. For instance, the explicit expression of the EMT for
the (left-handed, ν ≡ νL) electron neutrino is given by
T ν
e
µν =
i
4
{
ν¯eγµ
→
∂ ν ν
e − ν¯eγµ
←
∂ ν ν
e +
2e
sin 2θW
ν¯eγµ
1− γ5
2
νeZν
− 2i e√
2 sin θW
(
ν¯eγµ
1− γ5
2
eW+ν + e¯γµ
1− γ5
2
νeW−ν
)
+ (µ↔ ν)
}
− ηµνLνe ,
(5.8)
with
Lνe = iν¯
eγµ∂µν
e +
e
sin 2ϑW
ν¯eγµ
1− γ5
2
νeZµ
+
e√
2 sinϑW
(
ν¯eγµ
1− γ5
2
eW+µ + e¯γ
µ 1− γ5
2
νeW−µ
)
.
(5.9)
In momentum space, in the case of a massless fermion, the vertex takes the form
V (0)µν =
i
4
(γµ(p1 + p2)
ν + γν(p1 + p2)
µ − 2ηµν(p/1 + p/2)) . (5.10)
while in the case of neutrinos we have
V (0)µνν = V
(0)µν PL (5.11)
with PL = (1− γ5)/2 being the chiral projector. We will denote with
Tˆ (0)µν = u¯(p2)V
(0)µνu(p1), (5.12)
the corresponding invariant amplitude, a notation that we will use also at one-loop level in
the electroweak expansion. We introduce the two linear combinations of momenta p = p1 +p2
and q = p1 − p2 to express our results. It has been shown that the general Tff¯ vertex, for
any fermion f of the Standard Model, decomposes into six different contributions [138], but
in the case of a massless neutrino only three amplitudes at one-loop level are left, denoted as
Tˆµν = TˆµνZ + Tˆ
µν
W + Tˆ
µν
CT . (5.13)
In the expression above, the subscripts indicate the contributions mediated by virtual Z and
W gauge bosons, while CT indicates the contribution from the counterterm.
We show in Fig. 5.1 some of the typical topologies appearing in their perturbative expan-
sion.
Two of them are characterized by a typical triangle topology, while the others denote terms
where the insertion of the EMT and of the fermion field occur on the same point. The
computation of these diagrams is rather involved and has been performed in dimensional
regularization using the on-shell renormalization scheme. Neutrinos interactions, in the limit
of massless neutrinos, involve only few of the structures of the Tff¯ tensor decomposition
presented in [138]. In this case we are left with only one tensor structure and hence only one
form factor for each sector
TˆµνZ = i
GF
16pi2
√
2
fZ1 (q
2,mZ) u¯(p2)O
µν
C1 u(p1) ,
TˆµνW = i
GF
16pi2
√
2
fW1 (q
2,mf ,mW ) u¯(p2)O
µν
C1 u(p1) , (5.14)
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Figure 5.1: The one-loop Feynman diagrams of the neutrino vertex in a gravitational back-
ground. The dashed lines can be Z and W .
where we have defined the vertex
OµνC1 = (γ
µ pν + γν pµ)PL. (5.15)
The counterterms needed for the renormalization of the vertex can be obtained by promot-
ing the counterterm Lagrangian of the Standard Model from a flat spacetime to the curved
background, and then extracting the corresponding Feynman rules, as for the bare one. We
obtain
TˆµνCT = −
i
4
ΣL(0) u¯(p2)O
µν
C1u(p1), (5.16)
where we have denoted with ΣL the neutrino self-energy
ΣL(p2) =
GF
16pi2
√
2
[
ΣLZ(p
2) + ΣLW (p
2)
]
, (5.17)
which is a combination of the self-energy contributions
ΣLW (p
2) = −4
[ (
m2f + 2m
2
W
)
B1
(
p2,m2f ,m
2
W
)
+m2W
]
(5.18)
ΣLZ(p
2) = −2m2Z
[
2B1
(
p2, 0,m2Z
)
+ 1
]
, (5.19)
with
B1
(
p2,m20,m
2
1
)
=
m21 −m20
2p2
[
B0(p
2,m20,m
2
1)− B0(0,m20,m21)
]
− 1
2
B0(p
2,m20,m
2
1), (5.20)
expressed in terms of the scalar form factor B0. We have denoted with mZ and mW the
masses of the Z and W gauge bosons; with q2 the virtuality of the incoming momentum of
the EMT and mf is the mass of the fermion of flavor f running in the loops.
The explicit expressions of the form factors appearing in (5.14) is given by
fZ1 = −2m2Z −
4m4Z
3 q2
+
(
2 +
7m2Z
3 q2
)
A0(m
2
Z)−
(
17m2Z
6
+
7m4Z
q2
+
4m6Z
q4
)
B0(q
2, 0, 0)
+
2
3 q4
m2Z(2m
2
Z + q
2) (3m2Z + 2q
2)B0(q
2,m2Z ,m
2
Z)
− 4
q4
m6Z (m
2
Z + q
2)C0(0,m
2
Z ,m
2
Z)−
1
q4
m2Z (m
2
Z + q
2)2(4m2Z + q
2)C0(m
2
Z , 0, 0),(5.21)
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with C0 denoting the scalar 3-point function, and with the form factor f
W
1 related to the
exchange of the W ’ s given by
fW1 =
m2f
2
− 4m2W +
4
3 q2
(m4f +m
2
f m
2
W − 2m4W )−
1
3 q2
(m2f + 2m
2
W )
(
A0(m
2
f )−A0(m2W )
)
− 2
q2
(
m4f +m
2
f m
2
W − 2m2W (m2W + q2)
)
B0(0,m
2
f ,m
2
W ) +
1
6 q4
(
− 24m6f − 10m4f q2
+m2f (72m
4
W + 46m
2
W q
2 + q4)− 2m2W (24m4W + 42m2W q2 + 17 q4)
)
B0(q
2,m2f ,m
2
f )
+
1
3 q4
(
12m6f + 12m
4
f q
2 + 4m2W (2m
2
W + q
2)(3m2W + 2 q
2)
+m2f (−36m4W − 16m2W q2 + q4)
)
B0(q
2,m2W ,m
2
W ) + 2
(
m4f +
2
q4
(m2f −m2W )3 (m2f + 2m2W )
+
1
q2
(
3m6f − 4m4f m2W + 5m2f m4W + 4m6W
) )
C0(m
2
f ,m
2
W ,m
2
W )
+
1
q2
(
4m8f +m
6
f (q
2 − 4m2W )− 2m2W (m2W + q2)2 (4m2W + q2)
−m4f (2m2W + q2) (6m2W + q2)
)
C0(m
2
W ,m
2
f ,m
2
f )
+
m2f
q2
(20m6W + 25m
4
W q
2 + 6m2W q
4)C0(m
2
W ,m
2
f ,m
2
f ). (5.22)
Being the computations rather involved, the correctness of the results above has been se-
cured by appropriate Ward identities, whose general structure has been discussed in [27]. As
an example, by requiring the invariance of the generating functional of the theory under a
diffeomorphic change of the spacetime metric, one derives the following Ward identity
qµ Tˆ
µν = u¯(p2)
{
pν2 Γf¯f (p1)− pν1 Γf¯f (p2) +
qµ
2
(
Γf¯f (p2)σ
µν − σµν Γf¯f (p1)
)}
u(p1) ,(5.23)
where Γf¯f (p) is the fermion two-point function, diagonal in flavor space [138]. From this
equation one obtains
0 = fZ1 −
1
4
ΣLZ(0)
0 = fW1 −
1
4
ΣLW (0), (5.24)
which, as one can check, are identically satisfied by the explicit expressions of fZ and fW
given above.
In the case of MeV neutrinos, the expressions of the two form factors simplify considerably,
since the typical momentum transfer q2 = −4E2 sin2(θ/2) may be small. These expansions,
in fact, are useful in the case of scattering and lensing of neutrinos far from the region
of the event horizon, of the order of 103 − 106 horizon units. As we are going to see, an
expansion in q2 provides approximate analytical expressions of the bh(α) relation, connecting
the impact parameter to the angle of deflection α, valid at momentum transfers which are
smaller compared to the electroweak scale, i.e. q2/m2W  1. We will come back to illustrate
this point more closely in the following sections.
In these cases the expression of the renormalized fZ form factor takes the form
f
Z (ren)
low q = −
11
18
q2, (5.25)
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Figure 5.2: The deflection of the trajectory of a massless particle P approaching a black hole.
while the W form factor is slightly lengthier
f
W (ren)
low q = −
q2
36 (m2f −m2W )4
[
5m8f − 98m6fm2W + 243m4fm4W − 194m2fm6W + 44m8W
+6
(
10m6fm
2
W − 15m4fm4W + 2m2fm6W
)
ln
(
m2f/m
2
W
)]
. (5.26)
5.5 Cross Sections for photons, massive fermions and scalars
Before coming to a discussion of the 1-loop effects in the scattering of neutrinos, we briefly
summarize the result for the leading order cross sections for fermions, photons and scalars
using in an external static background [136] [138, 139]. We just recall that the scattering
matrix element is written as
iSif = −κ
2
∫
V
d4x〈p2|hµν(x)Tµν(x)|p1〉, (5.27)
where V is the integration volume where the scattering occurs, which gives
〈p2|hµν(x)Tµν(x)|p1〉 = hµν(x)ψ¯(p2)V µνψ(p1)eiq·x. (5.28)
Denoting with i and f the initial and final neutrino, we have introduced plane waves normal-
ized as
ψi(p1) = Niu(p1), Ni =
√
1
E1V
, u¯(p1)u(p1) = 1, (5.29)
and similarly for ψf , while V denotes a finite volume. The E1 (E2) are the energy of the
incoming (outgoing) particle respectively.
In momentum space the matrix element is given by
iSfi = −κ
2
hµν(q)ψ¯(p2)V
µνψ(p1) = −κ
2
hµν(q)NiNf Tˆ
µν (5.30)
in terms of the gravitational fluctuations in momentum space hµν(q). For a static external
field the energies of the incoming/outgoing fermions are conserved (E1 = E2 ≡ E).
The Fourier transform of hµν in momentum space is given by
hµν(q0, ~q) =
∫
d4xeiq·xhµν(x), (5.31)
which for a static field can be expressed as
hµν(q0, ~q) = 2piδ(q0)hµν(~q), (5.32)
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in terms of a single form factor h0(~q)
hµν(~q) ≡ h0(~q)S¯µν with h0(~q) ≡
(
κM
2~q2
)
. (5.33)
The squared matrix element in each case takes the general form
|iSfi|2 = κ
2
16V 2E1E2
2piδ(q0) T
1
2
Jµνρσ(p1, p2)hµν(~q )hρσ(~q ), (5.34)
where T is the transition time. Specifically, in the case of a massive (Dirac) fermion one
obtains
J
µνρσ
f (p1, p2) = tr [(p/2 +m)V
µν
m (p1, p2)(p/1 +m)V
ρσ
m (p1, p2)] , (5.35)
where the V µνm vertex is in this case given by
V µνm (p1, p2) =
i
4
(
γµ(p1 + p2)
ν + γν(p1 + p2)
µ − 2ηµν(p/1 + p/2 − 2m)
)
(5.36)
which gives a cross section
dσ
dΩ
∣∣∣∣(0)
f
=
(
GM
sin2(θ/2)
)2(
cos2 ϑ/2 +
1
4
m2
|~p1|2 +
1
4
m4
|~p1|4 +
3
4
m2
|~p1|2 cos
2 ϑ/2
)
. (5.37)
In the case of a neutrino, the corresponding cross section is obtained by sending the fermion
mass m of the related Dirac cross section to zero, giving
dσ
dΩ
∣∣∣∣(0)
ν
=
(
GM
sin2 θ2
)2
cos2
θ
2
, (5.38)
which is energy independent. Notice that the inclusion of the chiral projector PL in the
expression of the neutrino amplitude, which carries a factor 1/2, makes the neutrino and
Dirac cross sections coincide. The same 1/2 factor, in the Dirac case, appears in the average
over the two states of helicity, while the axial-vector terms induced by PL are trivially zero
(see [142] for typical studies of polarized processes).
In the photon case one obtains
Jαβρσγ (k1, k2) =
∑
λ1,λ2
V αβκλ(k1, k2)eκ(k1, λ1)e
∗
λ(k2, λ2)V
ρσµν(k1, k2)eµ(k2, λ2)e
∗
ν(k1, λ1) ,
(5.39)
where eµ denotes the polarization vector of the photon, with an interaction vertex which is
given by
V µναβ(k1, k2) = i
{
(k1 · k2)Cµναβ +Dµναβ(k1, k2)
}
, (5.40)
where
Cµνρσ = ηµρ ηνσ + ηµσ ηνρ − ηµν ηρσ ,
Dµνρσ(k1, k2) = ηµν k1σ k2 ρ −
[
ηµσkν1k
ρ
2 + ηµρ k1σ k2 ν − ηρσ k1µ k2 ν + (µ↔ ν)
]
.
The cross section for a photon is then given by
dσ
dΩ
∣∣∣∣(0)
γ
= (GM)2 cot4(θ/2) . (5.41)
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Figure 5.3: Normalized (σ˜ = σ/(2GM)2) cross sections for massive and massless fermions.
In the massive case m is the electron mass (a). Two enlargements of (a) are in (b) and (c).
Panel (d) shows the cross sections for photons (s = 1), massless neutrinos (s = 1/2) and
conformally coupled scalars (s = 0).
Finally, in the case of a scalar the relative expression is given by
Jαβρσs (p1, p2) = V
αβ
s (p1, p2)V
ρσ
s (p1, p2) , (5.42)
with
V µνs = −i
{
p1 ρp2σC
µνρσ − 2χ [(p1 + p2)µ (p1 + p2)ν − ηµν(p1 + p2)2]} , (5.43)
where we have included the minimal and the term of improvement [27]. For a conformally
coupled scalar χ = 1/6. The cross sections, in this case, are given by
dσ
dΩ
∣∣∣∣(0)
s
=
{
(GM)2 csc4(θ/2) χ = 0(
GM
3
)2
cot4(θ/2) χ = 1/6
(5.44)
We show in Fig. 5.3 the expressions of these three cross sections at different energies, nor-
malized by 1/(2GM)2 and denoted as σ˜. In panel (a) we consider the scattering of a massive
fermion, together with the massless limit, which applies in the neutrino case. We have in-
cluded in (b) and (c) two enlargements of (a) which show how the massive and the massless
cross sections tend to overlap for energies of the order of 1 GeV. In panel (d) we show the
cross sections for the photon (s = 1), for the neutrino (s = 1/2) and for the conformally
coupled scalar (s = 0).
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Figure 5.4: Differential cross section for MeV neutrinos in units of r2s , with rs the Schwarzschild
radius.
5.5.1 The neutrino cross section at 1-loop
In the neutrino case, at 1-loop level, Eq. (5.38) is modified in the form
dσ
dΩ
= G2M2
cos2 θ/2
sin4 θ/2
{
1 +
4GF
16pi2
√
2
[
f1W (E, θ) + f
1
Z(E, θ)−
1
4
ΣLZ −
1
4
ΣLW
]}
. (5.45)
In the massless approximation for the neutrino masses, loop corrections do not induce flavor
transition vertices, such as those computed in [139].
In the case of neutrinos of an energy E in the MeV range, the expression above simplifies
considerably and takes the form
dσ
dΩ
=G2M2
cos2 θ/2
sin4 θ/2
{
1 +
GF
pi2
√
2
[
11
18
+
1
36 (m2f −m2W )4
(
5m8f − 98m6fm2W + 243m4fm4W
− 194m2fm6W + 44m8W + 6
(
10m6fm
2
W − 15m4fm4W + 2m2fm6W
)
ln
m2f
m2W
)]
E2 sin2
θ
2
}
.
(5.46)
We show in Fig. 5.4 three plots of the tree level and one-loop cross sections for an energy of the
incoming neutrino beam of 1 MeV, for 2 different angular regions (plots (a) and (b)), together
with a global plot of the entire cross section (plot (c)) for the rescaled differential cross section
dσ˜/dΩ ≡ 1/r2s dσ/dΩ. Notice that the tree-level and one-loop results are superimposed. We
can resolve the differences between the two by zooming-in in some specific angular regions
of the two results, varying the energy of the incoming beam. The result of this analysis is
shown in Fig. 5.5, where in plots (a) and (b) we show the rescaled cross section dσ˜/dΩ as
a function of the scattering angle θ, for three values of the incoming neutrino beam equal
to 1 GeV, 1 TeV and 1 PeV. PeV neutrinos events are rare, due to the almost structureless
cosmic ray spectrum, which falls dramatically with energy. They could be produced, though,
as secondaries from the decays of primary protons of energy around the GZK [143, 144] cutoff,
and as such they are part of our analysis, which we try to keep as general as possible.
It is clear from these two plots that the tree-level and the one-loop result are superimposed at
low energies, with a difference which becomes slightly more remarked at higher energies. A
similar behaviour is noticed in the cross section for scatterings at larger angles. Also in this
case the radiative corrections tend to raise as the energy of the incoming beam increases. This
behaviour is expected to affect the size of the angle of deflection α as we approach the singular
region of a black hole. In fact, α is obtained by integrating the semiclassical equation (5.47),
introduced below, and large deviations are expected as the impact parameter bh reaches the
photon sphere. As we are going to illustrate in the next sections, the bh(E,α) relation is
significantly affected by the behaviour of the cross section at large θ as bh → 3/2rs. This
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Figure 5.5: Differential cross section: tree level and one-loop contribution for a wide range of
energies.
is the closest radial distance allowed to a particle approaching the black hole from infinite
distance without being trapped. Therefore, these differences in σ˜ for large θ are going to
render bh sensitive on the changes in energy of the neutrino beam for such close encounters
of the neutrinos with a black hole.
5.6 Impact parameter formulation of the semiclassical scatter-
ing
As pointed out in previous studies [125, 131, 139, 145], the computation of the angle of
deflection for a fermion or a photon involves a simple semiclassical analysis, in which one
introduces the impact parameter representation of the specific classical cross section and
equates it to the quantum one. The classical/semiclassical scattering process is illustrated in
Fig. 5.2, with α denoting the angle of deflection. By assuming that the incoming particle is
moving along the z direction, with the source localized at the origin, and denoting with θ the
azimuthal scattering angle present in the quantum cross section, we have the relation
b
sin θ
db
dθ
=
dσ
dΩ
(5.47)
between the impact parameter b and θ, as measured from the z-direction. This semiclassical
equation [131, 145] allows to relate the quantum and the classical features of the interaction
between the particle beam and the gravitational source. The explicit expression of b(α), at
least for small deflection angles, which correspond to large values of the impact parameter,
can be found either analytically, such as at Born level and, for small momentum transfers also
at one-loop, but it has to be obtained numerically otherwise. The solution of (5.47) takes the
general form
b2h(α) = b
2
h(θ¯) + 2
∫ θ¯
α
dθ′ sin θ′
dσ˜
dΩ′
, (5.48)
with b2h(θ¯) denoting the constant of integration. The semiclassical scattering angle α is ob-
tained from (5.48) as a boundary value of the integral in θ of the quantum cross section.
As discussed in [125], the integration constant derived from (5.48) has to be set to zero (for
θ¯ = pi) in order for the solution of (5.47) to match the classical GR result for a very large bh.
In the case of a point-like gravitational source and of neutrino deflection, one obtains from
(5.48) the differential equation
db2
dθ
= −2
(
GM
sin2 θ2
)2
cos2
θ
2
sin θ. (5.49)
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Notice that the variation of b with the scattering angle θ is negative, since the impact
parameter decreases as θ grows, as we approach the center of the massive source. A comparison
of this expression with the analogous relation in the photon case (γ) shows that the two
equations differ by a simple prefactor
db2
dθ
=
1
cos2 θ2
db2
dθ
∣∣∣
γ
with
db2
dθ
∣∣∣
γ
= −2G2M2 cot4 θ
2
sin θ. (5.50)
The solution of (5.49) takes the form
b2(α) = 4G2M2
(
−1 + csc2 α
2
+ 2 ln
(
sin
α
2
))
, (5.51)
and in the small α (i.e. large b) limit takes the asymptotic form
b = GM
(
4
α
+
α
3
(1 + ln 8− 3 lnα)
)
+O(α2) (5.52)
which allows us to identify the deflection angle as
α ∼ 4GM
b
(5.53)
in agreement with Einstein’s prediction for the angular deflection. This is the result expected
from the classical (GR) analysis. The inversion of the asymptotic expansion (5.52) generates
the asymptotic behaviour
α =
2
bh
− 2
b3h
(ln bh +
1
3
) +
3
b5h
(ln2 bh − 1
5
) +O(1/b7h) (5.54)
which corresponds to the general functional form
α =
2
bh
+
∑
k≥1
a2k
b2kh
+
∑
k≥1
1
b2k+1h
(
a2k+1 + d1 ln bh + d2 ln
2 bh + · · ·+ dk lnk bh
)
. (5.55)
The analytic inversion of (5.52), given by (5.54), is very stable under an increase of the order
of the asymptotic expansion over a pretty large interval of bh, from low to very high values.
Solutions (5.54) and (5.55) can be obtained by an iterative (fixed point) procedure, which
generates a sequence of approximations α0 → α1 → . . . → αn to α(bh) implemented after a
Laurent expansion of (5.52) and the use of the initial condition α0 = 2/bh. The approach can
be implemented also at one-loop and with the inclusion of the post-Newtonian corrections, if
necessary.
The logarithmic corrections present in (5.55) are a genuine result of the quantum ap-
proach and, as we are going to discuss below, are not present in the classical formula for the
deflection. Radiative and post-Newtonian effects, not included in (5.54), give an expression
for α(bh) which coincides with the form (5.55), with specific coefficients (an, dn) which are
energy dependent. This is at the origin of the phenomenon of light dispersion (gravitational
rainbow) induced by the quantum corrections, which is absent at classical level [136].
Eq. (5.55) will play a key role in our proposal for the inclusion of the radiative corrections
in the classical lens equation. Such equation will relate the angular position of the source in
the absence of lensing, β, to α(b).
We give, for completeness, the analogous expressions in the case of the scalar and for a massive
fermion. For a massless scalar we have the relation
α =
2
3 bh
− 1
b3h
(
12 ln 3− 1
243
+
4
81
ln bh
)
+O(1/b5h), (5.56)
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while for a massive fermion the corresponding expression becomes more involved and takes
the form
α =
8E4
4E4 − 2E2m2f +m4f
1
bh
− 1
b3h
[
8E4
3(2E2 −m2f )(4E4 − 2E2m2f +m4f )2
×
×
m6f + 8E6(1 + ln 8) + E4m2f ln 64− 6E4(4E2 +m2) ln 2
1− m
2
f
2E2

+
4E4(4E2 +m2f )
8E6 − 8E4m2f + 4E2m4f −m6f
ln bh
]
+O(1/b5h), (5.57)
where E and mf are the energy and the mass of the fermion respectively. One can easily
check that in the limit E  mf Eq. (5.57) reproduce the formula for the massless fermion
(neutrino). The angular deflection is much less enhanced in the scalar case compared to
the remaining cases, showing a systematic difference respect to the classical prediction form
Einstein’s deflection integral. The angular deflection in the scalar case is significantly affected
by the choice of χ the free coupling factor of a scalar field to the external curvature R.
5.6.1 Bending at 1-loop
Moving to the one-loop expression given in (5.45), we can derive an analytic solution of the
corresponding semiclassical equation (5.47) for b = b(E,α), in the limit of small momentum
transfers. For this reason we perform an expansion of (5.45) in q2/m2W up to O((q
2/m2W )
2)
and solve (5.47) in this approximation for b2h(E,α), obtaining
b2h(E,α) =
[
−1 + csc2 α
2
+ 2 ln
(
sin
α
2
)]
+ C1(E)
[
1 + cosα+ 4 ln
(
sin
α
2
)]
+ C2(E) cos
4 α
2
+20D2(E) ln
(
sin
α
2
)
− 4F2(E) cosα− 8D2(E) cosα ln
(
sin2
α
2
)
−G2(E) cos 2α
−2D2(E) cos 2α ln
(
sin2
α
2
)
− E2(E), (5.58)
with the coefficients C,D, F and G are functions of the energy and of the masses of the weak
gauge bosons. The impact parameter bh(α), as shown in the same appendix, has a dependence
on the angular deflection α which can be summarized by an expression of the form
bh(E,α) =
2
α
+ c(E)α+ d(E)α ln(α) + f(E)α3 + g(E)α3 lnα+ h(E)α3 ln2 α+O(α5)
(5.59)
that we can invert in order to get α(E, bh). This is given by
α(E, bh) =
2
bh
− 1
b3h
[(
2 + 4C1(E)
)
log bh +A(E)
]
+O(1/b5h)
A(E) = −2C1(E)− C2(E) + E2(E) + 4F2(E) +G2(E) + 2
3
. (5.60)
We show in Fig. 5.6 some plots of the impact parameter bh as a function of the deflec-
tion angle in a range closer to the horizon of a black hole, computed using the Newtonian
approximation derived from the metric (5.2). The region involved covers the interval between
20 and 100 horizons. The numerical results refer to the GR solution and to the full one-loop
prediction respectively. The classical expression and the quantum one start differing as we
approach the value of bh ∼ 20, and are characterized by a certain dependence on the energy
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Figure 5.6: Plots of the impact parameter bh versus α, the angle of deflection, for 20 < bh < 100
for the classical and quantum solution.
of the incoming beam. Shown are the plots corresponding to neutrinos of energies in the TeV
and the PeV range respectively. In these regions the lensing is very strong, corresponding to
103 arcseconds and larger. As the neutrino (or the photon) beam gets closer to the photon
sphere (x0 = 3/2rs), which is the point of maximum approach, the angular deflection diverges.
This is the impact parameter region where one expects the formation of relativistic images.
The divergence can be parameterized by an integer n, with αn = 2pin, and n tending to
infinity. The integer is the winding number of the beam path around the photon sphere. In
the external neighborhood of the point of closest approach the beam still escapes to infinity,
forming an infinite set of images which are parameterized by the same integer n [130].
5.7 1/bn contributions to the deflection
It is interesting to compare the classical GR prediction for the deflection with the result of
(5.55), by resorting to a similar expansion for the deflection integral. This has been studied
quite carefully in the literature, especially in the limit of strong lensing [146, 147]. The 1/bnh
expansion has been shown to appear quite naturally in the post-Newtonian approach applied
to the Einstein integral for light deflection.
We recall that Einstein’s expression in GR is given by the integral
α(r0) =
∫ ∞
r0
dr
2
r2
[
1
r20
(
1− 2M
r0
)
− 1
r2
(
1− 2M
r
)]−1/2
− pi (5.61)
and can be re-expressed in the form
α = 2
∫ 1
0
dy√
1− 2s− y2 + 2sy3 − pi, (5.62)
with the variable s ≡ rs/(2r0) being related to the ratio between the Schwarzschild radius
and the distance of closest approach between the particle and the source, r0. Additional
information on α(r0) is obtained via an expansion of the integrand in powers of s and a
subsequent integration. This method shows that the result can be cast in the form
α(bh) =
a1
bh
+
a2
b2h
+
a3
b3h
+
a4
b4h
+
a5
b5h
. . . (5.63)
with
a1 = 2, a2 =
15
16
pi, a3 =
16
3
, a4 =
3465
1024
pi, a5 =
112
5
. (5.64)
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The coefficients ai differ from those given in [147] (up to a7) just by a normalization. They
are obtained by re-expressing s = s(r0) in terms of the impact parameter bh using the relation
bh = x0
(
1− 1
x0
)−1/2
(5.65)
between the impact parameter and the radial distance of closest approach, having redefined
x0 ≡ r0/(2GM). This can also be brought into the form
x0 =
2 bh√
3
cos
[
1
3
cos−1
(
−3
3/2
2 bh
)]
. (5.66)
An expression equivalent to (5.66) can be found in [125]. Eq. (5.66) can be given in a 1/bh
expansion
x0 = bh − 3
8 bh
− 1
2 b2h
− 105
128 b3h
− 3
2 b4h
+O(1/b5h), (5.67)
which will turn useful below.
We can invert (5.63) obtaining the relation
bh(α) =
2
α
+
a2
2
+
α
8
(
2 a3 − a22
)
+
α2
16
(
a32 − 3a2 a3 + 2 a4
)
+
α3
128
(
8 a5 − 16 a2 a4 − 8 a23 + 20 a22a3 − 5a42
)
+O(α4), (5.68)
which differs from (5.55) by the absence of logarithmic terms in the impact parameter bh
and by the energy independence of the coefficients. The inclusion of the extra contributions
mentioned above, in the classical GR expression, becomes relevant in the case of strong lensing.
The inclusion of the additional 1/bnh terms in the expansion of the angular deflection can be
extended to the case of a continuous distribution of sources/deflectors. This provides a simple
generalization of the standard approach to classical lensing for such distributions.
5.8 Lens equations and 1/bn corrections
The standard approach to gravitational lensing in GR is based on an equation, derived from
a geometrical construction, which relates the angular position of the image (θI) to that of
the source (β), with an intermediate angular deflection (α) generated on the lens plane. In
this section we are going to briefly review this construction, which is based on the asymptotic
expression for the angular deflection (α ∼ 2/bh), and discuss its extension when one takes
into account more general expansions of α(bh) of the form given by Eq. (5.63). The extension
that we consider covers the case of a thin lens and concerns only the extra 1/bnh terms derived
from classical GR. The discussion is preliminary to the analysis of the next section, where we
will consider the inclusion of the radiative effects, parameterized by (5.55), into the classical
lens equation.
5.8.1 The lens geometry
We show in Fig. 5.7 the lens geometry in the case of a continuous distributions of sources and
deflectors. A simplified picture of the geometry, with pointlike source and deflector is shown
in Fig. 5.8. We indicate with ~β the oriented angle between the optical axis (OP ) (taken as
the z axis) and the unlensed direction of the source (OS). ~θI denotes the angle formed by the
visual line of the image (OI) with the optical axis. We also denote with DOL the distance
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Figure 5.7: Geometric construction of the lens for a continuous distribution of sources. Shown
are the plane S of the source distribution and the plane of the lens L. The line OI identifies
the direction at which the observer sees the image after the angular deflection α.
between the observer and the lens plane; with DLS the distance between the lens plane and
the source plane and with DOS the distance of the source plane from the observer. αˆ is the
(oriented) angle of deflection, measured clockwise as all the other angles appearing in the
geometrical construction. We also introduce the relations, valid for DLS , DOL much larger
than the size of the lens, typical of a linear lens,
~η ≡ ~PS = ~βDOS ~SI = ~ˆαDLS ~PI = ~θIDOS . (5.69)
The thin lens equation follows from the approximate geometrical relation
~PI = ~PS + ~SI i.e. ~β = ~θI − ~ˆαDLS
DOS
. (5.70)
Denoting with ~ξ a 2-D vector in the lens plane, it is convenient to introduce two scales η0 and
ξ0 defined as
~η = η0 ~y ~ξ ≡ ~V R = ξ0~x η0
ξ0
=
DOS
DLS
. (5.71)
Using the lens equation in the geometric relation
| ~PI|
| ~V R| =
DOS
DOL
, (5.72)
we find the relation
~y = ~x− ~ˆαDLS DOL
DOS ξ0
≡ ~x− ~α with ~α = ~ˆαDLS DOL
DOS ξ0
, (5.73)
which defines the thin lens equation. It is possible to give a simpler expression to the equation
above if we go back to (5.70) and perform simple manipulations on the angular dependence.
On the lens plane (Fig. 5.8) the equation takes the scalar form
β = θI − αDLS
DOS
, (5.74)
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Figure 5.8: The thin lens geometric construction where the source S, the lens V and the
observer O lie on the same plane. Notice that figure is not to scale, since DOL and DLS are
far larger than the length of V R.
which can be extended to the case of stronger lensing by the inclusion of the contributions
of the 1/bn corrections in α(b). Use of the Einstein relation α = 4GM/b and of the relation
b ∼ θIDOL brings (5.74) into the typical form
β = θI − θ
2
E
θI
θ2E =
DLS
DOS
4GM
DOL
, (5.75)
which defines the thin lens approximation, with θE being the Einstein radius. For a source
S aligned on the optical axis together with the deflector and the observer O (see Fig. 5.9) -
which is defined by the segment connecting the observer, the lens and the plane of the source
(with β = 0) - the images will form radially at an opening θI = θE and appear as a circle
perpendicular to the lens plane. For a generic β, instead, the primary and secondary image
solutions are given by the well-known expressions
θI± =
β
2
± 1
2
(
β2 + 4θ2E
)1/2
. (5.76)
It is quite straightforward to extend this derivation with the inclusion of the 1/bn corrections in
the α(b) relation and test their effect numerically [147]. This is part of a possible improvement
of the ordinary (quadratic) thin lens equation which can be investigated more generally in
conditions of strong lensing. In that case one can also adopt an equation which includes
deflections of higher orders, as we will discuss in the following sections. For the moment we
just mention that the inclusion of the higher order 1/bn contributions given by (5.63) modifies
(5.74) into the form
β = θI − θ
2
E
θI
−
∑
n≥2
θ
(n)
E
θnI
, (5.77)
with
θ
(n)
E ≡ rns an
DLS
DOSDnOL
. (5.78)
Another observable that we will investigate numerically is going to be the lens magnification.
For this purpose we recall that light beams are subject to deflections both as a whole but also
locally, due to their bundle structure. Rays which travel closer to the deflector are subject to
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Figure 5.9: Geometrical construction for the primary Ip and secondary Is images generated
by the two geodesics of the isotropic emission. Shown are the source S, the lens, represented
by the dotted circle, the observer O and the primary Ip and secondary Is angular positions
involved in the discussion.
a stronger deflection compared to those that travel further away. This generates a difference
in the solid angles under which the source is viewed by the observer in the unlensed and in
the lensed cases. In the simple case of an axi-symmetric lens the ratio between the two solid
angles can be defined in the scalar form
µ =
∣∣∣∣( ∂β∂θI sinβsin θI
)∣∣∣∣−1 . (5.79)
In the case of a thin lens (5.73), the analogous expression is given by
µ
(0)
± ≡
(
∂β
∂θI
β
θI
)−1
. (5.80)
For this lens the analysis simplifies quite drastically. Using the expression of the two images
θI± given in (5.76) one obtains the simple expression for the primary and secondary images
µ± = ±
(
1−
(
θE
θI±
)4)−1
, (5.81)
where the Einstein angle is defined as usual
θE =
√
4GM
x
DOL
with x =
DLS
DOS
. (5.82)
It is convenient to measure the angular variables in terms of the Einstein angle θE , as β¯ ≡
β/θE , θ¯ ≡ θI/θE , with
θ¯I± =
β¯
2
±
√
1 +
β¯2
4
, (5.83)
then the total magnification takes a rather simple form
µ ≡ µ+ + µ− = 2 + β¯
2
β¯
√
4 + β¯2
. (5.84)
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Figure 5.10: (a): β(θI) for the Virbadhra-Ellis lens equation in the neutrino case, for a black
hole with M = 106 M and with DOL=10 Kpc, DOS=19 Kpc. The numerical solution for
the classical and the energy-dependent result. (b): β(θI) as in (a) but for a 1 GeV neutrino
beam.
This equation is commonly used to calculate the light curve in the microlensing case. We
refer to [148] for a short review on this point.
5.8.2 Nonlinear effects in strong deflections
In conditions of strong lensing, the linear approximations in the trigonometric expressions are
not accurate enough and one has to turn to a fully nonlinear description of the geometry,
expressed in terms of the angular variables which are involved. We illustrate this point by
taking as an example a typical lens equation, which in our case is given by the Virbhadra-Ellis
construction (VE) [149].
Following Fig. 5.8, we recall that the VE lens equation is based on the geometrical relation
[149, 150]
PS = PI − SI, (5.85)
which gives
DOS tanβ = DOS tan θI −DLS(tan θI + tan(α− θI)), (5.86)
under the assumption that the point R in Fig. 5.8 lies on the vertical plane of the lens. θI is
the angle at which the image is viewed by the observer and β is the unlensed angular position
of the source. Within this approximation we can use the geometric relation
b = DOL sin θI , (5.87)
which allows to relate the image position θI to the angular deflection of the beam α. Notice
that this approximate relation is justified by the fact that the distances DOL and DOS are
very large compared to the radius of closest approach r0. In this limit the two segments V H
and V T are treated as equal.
We remind that (5.86) is not the unique lens equation that one can write down, but, differently
from Eq. (5.73), it can be used in the case of strong lensing. It takes into account the nonlinear
contributions to the angular deflection by the introduction of the tan(β) and tan(θI) terms,
which in (5.73) are not included. We refer to [150] for a review of possible lens equations.
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5.9 Radiative effects and the geometry of lensing
Turning to our case study, radiative effects in the lens equations can be introduced by replacing
the expression of the angular deflection generated by the source on the source plane, which
is a function of the impact parameter b (α = α(b)) with the new, energy dependent relation
α(b, E) whose general form is given by (5.55).
For simplicity we consider a pointlike source, and a pointlike deflector, as shown in Fig. 5.8.
We recall that for a massless particle the geodesic motion is determined in terms of the energy
E and of the angular momentum L at the starting point of the trajectory. The gravitational
deflection, however, can be written only as a function of the impact parameter b of the source,
with b = E/L, which is an important result of the classical approach. For a further clarification
of this aspect, which differs from the semiclassical analysis we are interested in, we briefly
overview the classical case, using the lens geometry as a reference point for our discussion.
For a source located on the source plane at an angular opening β (in the absence of the
deflector), the initial conditions can be expressed in terms of the two components of the
initial momentum ~p = (pr, pφ) on the plane of the geodesic, or, equivalently, by the pairs
(pr, E) or (pϑ, E), with E the initial energy of the beam. We recall that for a Schwarzschild
metric these are defined as
pr =
(
1− 2GM
r
)−1
r˙, pϑ = −r2ϑ˙, pt =
(
1− 2GM
r
)
t˙, pφ = −r2 sin2 ϑφ˙ .
(5.88)
We have denoted with x˙ ≡ dx/ds the derivative respect to the affine parameter. pt and pφ
related to the energy and to the angular momentum as pt = E and pφ = −L, and with the
motion taking place on the plane ϑ = pi/2 (pϑ = 0). They are constrained by the mass-shell
condition (
1− 2GM
r
)
(pt)2 −
(
1− 2GM
r
)−1
(pr)2 − r2(pφ)2 = 0, (5.89)
with (pr = r˙, pφ = φ˙, pt = t˙).
The lens equation, usually written as
L(β, θI) = 0, (5.90)
can also be written, equivalently, in the form of a constraint between β and b using (5.87).
We can use any of the independent variables mentioned above. For a given initial momentum
of the beam, emitted from the plane of the source, the lens equation will then determine the
position of the source in such a way that the geodesic motion will reach the observer at its
location on the optical axis. In particular, an interesting description emerges if we choose as
initial conditions the angular position of the source (β) and the value of the impact parameter
b. These two conditions fix the direction of the trajectory of the beam at its origin on the
source plane. In these last variables, the lens equation will then determine one of the two in
terms of the other in such a way that outgoing geodesic will reach the observer.
The inclusion of an energy dependence in the angle of deflection α renders this picture slightly
more complex. For instance, the lens equation will now depend on 3 parameters, which can
be chosen to to be (β, θI , E) or (β, pr, pφ) or any other equivalent combination, with one of
the three fixed in terms of the other two by the equation itself. For a monochromatic and
spherical source of energy E, fixed at a position β, emitting a beam with a given impact
parameter b respect to the deflector, the lens equation may not have a real solution, since
the deflector may disperse the beam in such a way that it will never reach the observer. For
a fixed spherical source which emits photons or neutrinos of any energy, one can look for
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solution in the reduced variables b, E. Being b related to the primary and secondary images
θI±, the beam that reaches the observer will be characterized by a unique energy E, assuming
that the images are detected at angular positions θI±.
The argument above can be repeated by using any triple combination of independent kinematic
variables among those mentioned above.
Having clarified this point, we now move to a description of the actual implementation of
the lens equation is this extended framework. The angular location of the image θI and the
impact parameter are related in the geometry of the lens by Eq. (5.87), and this allows to
search for solutions of the lens equation (5.86) in regions characterized by smaller values of
the impact parameter (20 < bh < 100) where the angular deflections are stronger.
The key to the derivation of the radiative lens equation are Eqs. (5.55) and (5.87). Combining
the two relations we obtain
α(b(θI , E)) =
4GM
DOL sin θI
+
∑
n≥1
A2n
(DOL sin θI)
2n
+
∑
n≥1
(
2GM
DOL sin θI
)2n+1(
A2n+1 +D1 ln
n
(
DOL
2GM
sin θI
)
+ . . .
)
, (5.91)
where the ellipsis refer to the extra logarithmic contributions present in Eq.(5.55). The ex-
pression above is known analytically if we manage to solve explicitly the semiclassical equation
(5.47), otherwise it has to be found by a numerical fit. However, it is clear that the ansatz for
the fit has, in any case, to coincide with Eqs. (5.55) and (5.91), due to the typical functional
forms of the solutions of Eq. (5.47). For instance, in the case of a thin lens, the modifications
embodied in (5.91) can be incorporated into the new equation
β = θI − α(b(θI , E))DLS
DOS
, (5.92)
which is an obvious generalization of (5.77), the latter being valid only in the classical GR case.
As we are going to illustrate below, (5.92) can be studied numerically for several geometrical
configurations, which are obtained by varying the lensing parameters DLS and DOL.
A similar approach can be followed for the VE or for any other classical lens equation. The
insertion of α(θI , E) given by (5.55) into (5.86) generates the radiative lens equation
DOS tanβ = DOS tan θI −DLS(tan θI + tan(α(θI , E)− θI)), (5.93)
which takes into account also the quantum corrections and is now, on the contrary of (5.86),
energy dependent. At this point it is clear that all the lens observables, such as magnifications,
shears, light curves of microlensing etc. descend rather directly by this general prescription.
For instance, we can determine for the Virbadhra-Ellis lens the expression for the magnification
using the radiative (semiclassical) expression
µ =
χ1
χ2
(5.94)
χ1 = DOS sin θI (1 + ((DOL tan θI + (DOL −DOS) tan(α(θI , E)− θI))/DOS)2)3/2,
χ2 = (DOL tan θI + (DOL −DOS) tan(α(θI , E)− θI))
×(sec2 θI + (DOL −DOS)/DOS(sec2 θI + sec2(α(θI , E)− θI) (α′(θI , E)− 1))),
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where α′ ≡ ∂α/∂θI . As clear from Eqs. (5.93) and (5.94), both equations are very involved,
although they can be investigated very accurately at numerical level. It is also possible to
discuss the analytical form of the solutions within the formalism of the 1/bn expansion. In
fact, we are entitled to expand all the observables of the fully nonlinear lens in the angular
deflection α, and work at a certain level of accuracy in the angular parameters. In this work,
however, we prefer to proceed with a direct numerical analysis of the full equations, both for
the thin and for the VE lens, leaving the discussion of the explicit solutions to a future work.
5.10 Post-Newtonian corrections: the case of primordial black
holes
We have seen in the previous sections that the bh(α) expression for the deflection does not suf-
fer from any apparent divergence (from the gravity or external field side) due to well-defined
structure of the Newtonian cross section. The expression given in (5.38), in fact, is similar to
the ordinary Rutherford scattering encountered in electrodynamics.
The dependence of the resulting cross section on the scale GM/c2, the Schwarzschild radius,
manifests as an overall dimensionful constant. Therefore, the inclusion of the electroweak
corrections - and the logarithmic dependence on the energy of the terms in the expansion that
follows - do not appear in combination with the macroscopic scale rs. This allows, in princi-
ple, an extension of the perturbative computation up to any order in the electroweak coupling
constant αw. It is also clear that this result is expected to be valid for any renormalizable
field theoretical model, when combined with an external static gravitational field of Coulomb
type, as in the case of the Newtonian limit of GR.
From now on, we will be using the notation nPN to indicate the (post-Newtonian) order in
the potential at which we expand the Schwarzschild metric. For instance, contributions of a
certain nPN order involve corrections in the external field proportional to Φn+1, with 0PN
denoting the ordinary (lowest order) Newtonian (i.e. zeroth post-Newtonian) contributions
proportional to Φ, as given in Eq. (5.33). The inclusion of the higher order corrections in
the external potential modifies this simple picture due 1) to the need of introducing a cutoff
regulator in the computation of the Fourier transform of the higher powers of the Newtonian
potential and 2) to the presence of the Schwarzschild radius rs in the actual expansion. These
features emerge already at the first post-Newtonian order (1PN) for an uncharged black hole
and at order 0PN for the Reissner-Nordstrom (RN) metric (charged black hole).
Both points 1) and 2) are, in a way, expected, since the microscopic expression for the tran-
sition matrix element given by (5.27), in fact, cannot be extrapolated to the case of a macro-
scopic source, with the presence of a macroscopic scale such as the black hole horizon. This
seems to indicate that the success of the Newtonian approximation is essentially due to the
rescaling of rs found in the expression of the cross section, which is a feature of this specific
order, and is therefore limited to a 1/r potential. It is then natural to ask if there is any
other realistic case in which the post-Newtonian corrections can be included in an analysis
of this type. Obviously, the answer is affirmative, as far as we require that rs is microscopic
and that the energy of the beam, which is an independent variable of a scattering event, is at
most of the order of 1/rs. Under these conditions, we are then allowed to extend our analysis
through higher orders in Φ, with scatterings in which the dimensionless parameter rsq with
q the impact parameter, is at most of O(1). This specific situation is encountered in the case
of primordial black holes, where rs can be microscopic. We are going to illustrate this point
in some detail, since it becomes relevant in the case of primordial black holes.
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5.10.1 Post Newtonian contributions in classical GR
To illustrate this point we extend the expansion of the Schwarzschild metric at order 0PN
given in (5.2). A similar expansion will be performed on the RN metric.
For this purpose, it is convenient to perform a change of coordinates on the Schwarzschild
metric
ds2 =
(
1− 2GM
r
)
dt2 −
(
1− 2GM
r
)−1
dr2 − r2dΩ (5.95)
in such a way that this takes an isotropic form. The radial change of coordinates is given by
r = ρ
(
1 +
GM
2ρ
)2
(5.96)
which allows to rewrite (5.95) as
ds2 = A(ρ)dt2 −B(ρ)(dρ2 + ρ2 dΩ) (5.97)
with
A(ρ) =
(1−GM/2ρ)2
(1 +GM/2ρ)2
B(ρ) = (1 +GM/2ρ)4 . (5.98)
Post-Newtonian (weak field) corrections can be obtained by an expansion of A and B taking
M/ρ 1. Up to third order in Φ this is given by
A(ρ) = 1 + 2 Φ + 2 Φ2 +
3
2
Φ3 (5.99)
B(ρ) = 1− 2 Φ + 3
2
Φ2 − 1
2
Φ3. (5.100)
In the RN spacetime for a charged black hole the analysis runs similar. The interest in this
metric is due to the fact that the lowest order potential, in this case, involves charge-dependent
1/r2 contributions which, for an uncharged black hole, appear at first post-Newtonian order
(1PN). The metric, in this case, is given by the expression
ds2 =
(
1− 2GM
r
+
GQ2
r2
)
dt2 −
(
1− 2GM
r
+
GQ2
r2
)−1
dr2 − r2dΩ, (5.101)
with Q denoting the overall charge of the black hole. It has two concentric horizons which
become degenerate in the maximally charged case. The two horizons are the solution of the
equation (
1− 2GM
r
+
GQ2
r2
)
= 0 (5.102)
with solutions r = GM±
√
G2M2 −GQ2. The RN black hole has a maximum allowed charge
Q = M
√
G, in order to avoid a naked singularity. In this case, the radial change of variables
which brings the metric into a symmetric form is given by
r = ρ
(
1 +
GM +
√
GQ
ρ
)(
1 +
GM −√GQ
ρ
)
, (5.103)
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so that the RN spacetime in isotropic coordinates is
ds2 =
(
1− G2M2−GQ2
4ρ2
)2
(
1 + GM+
√
GQ
2ρ
)2 (
1 + GM−
√
GQ
2ρ
)2dt2
−
(
1 +
GM +
√
GQ
2ρ
)2(
1 +
GM −√GQ
2ρ
)2
(dρ2 + ρ2 dΩ). (5.104)
We just recall that for a massless particle in this metric background the angle of deflection
and the impact parameter are given by the expressions
α(r0) = 2
∫ ∞
r0
dr
r
√
r2
r20
(
1− 2GMr0 +
GQ2
r20
)
−
(
1− 2GMr + GQ
2
r2
) − pi (5.105)
b(r0) =
r0√
1− 2GMr0 +
GQ2
r20
(5.106)
where r0 is the closest distance of approach. It’s convenient to normalize r, r0 and Q to the
Schwarzshild radius rs = 2GM and introduce the variables
x =
r
2GM
x0 =
r0
2GM
q =
Q
2GM
. (5.107)
With this redefinitions the deflection can be expressed in the form [151]
α(x0) = G(x0) F(φ0, λ)− pi (5.108)
with
G(x0) =
4x0√
1− 1x0 +
q2
x20
1√
(r1 − r3)(r2 − r4)
(5.109)
and with
F(φ0, λ) =
∫ φ0
0
(1− λ sin2 φ)−1/2dφ (5.110)
being an elliptic integral of the first kind with arguments
φ0 = arcsin
√
r2 − r4
r1 − r4 (5.111)
λ =
(r1 − r4)(r2 − r3)
(r1 − r3)(r2 − r4) . (5.112)
The ri are the roots of the fourth order polynomial
P (x) = x4 +
x20
1− 1x0 +
q2
x20
(x− x2 − q2) (5.113)
ordered so that r1 > r2 > r3 > r4. The comparison between Schwarzschild and RN deflection
angle is shown in Figure 5.11. The plots describe the behaviour of the angular deflection
as a function of the impact parameter bh for a RN and Schwarzschild metric in the region
with 10 < bh < 50 (top left) and 4 < bh < 10 (top right) for the maximally charged case.
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Figure 5.11: Comparison of the deflection angle for the Schwarzshild case and the maximally
charged Reissner-Nordstrom case in the near-horizon (a), in the very-near-horizon (b).
The differences tend to be very pronounced as we approach the horizon of the Schwarzschild
metric.
As pointed out in [146] in the Schwarzschild case, the 1/b expansion for the deflection an-
gle does not reproduce the photon sphere singularity of the Schwarzschild metric, which is
achieved using the exact GR expression in terms of elliptic function given in (5.108), but it
represents nevertheless an improvement respect to the 0PN order. Expanding the RN metric
in M/ρ 1 up to the third order, the 2PN approximation gives
A(ρ) = 1− 2GM
ρ
+
2G2M2 +GQ2
ρ2
− 3G
3M3 + 5G2M Q2
2 ρ3
(5.114)
B(ρ) = 1 +
2GM
ρ
+
3G2M2 −GQ2
2 ρ2
+
G3M3 −G2M Q2
2 ρ3
. (5.115)
Inserting this expansion into the deflection integral, we can account in a systematic way of
the 1/b corrections in the angle of deflection α
α(b) = 4
GM
b
+
(
5− GQ
2
M2
)
3pi
4
G2M2
b2
+
(
128
3
− 16GQ
2
M2
)
G3M3
b3
. (5.116)
The deflection (5.116) in the maximally charged case is given by the expression
αm.c. = 4
GM
b
+ 3pi
(GM)2
b2
+
80
3
(GM)3
b3
. (5.117)
In the next subsection we are going to illustrate how the inclusion of these expansions at
nPN order affects the computation of the quantum corrections to the angular deflection. The
corrections are embodied in a geometric form factor whose expression is entirely controlled
by the 1/b expansion.
5.10.2 Quantum effects at 2nd PN order
The inclusion of the PN corrections to the external background requires a recalculation of the
cross section, with the inclusion of the additional terms in the fluctuation of the metric in
momentum space. As usual we consider a static source, so that the metric is written as
hµν(q) = 2piδ(q0)hµν(~q ). (5.118)
At leading order in the external field Φ both the timelike and the spacelike components are
equal ( h00 ≡ hii), while at higher orders they are expressed in terms of two form factors h0
and h1
hµν(~q ) = h0(~q )δ0µδ0ν + h1(~q )
(
ηµν − δ0µδ0ν
)
, (5.119)
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which at higher order in the weak external field are given by
h0(~q ) = −2
κ
∫
d3~x
[
Φ
c2
+
(
Φ
c2
)2
+
3
4
(
Φ
c2
)3 ]
ei~q·~x
h1(~q ) = −2
κ
∫
d3~x
[
−Φ
c2
+
3
4
(
Φ
c2
)2
−1
4
(
Φ
c2
)3 ]
ei~q·~x,
(5.120)
where we have explicitly reinstated the dependence on the speed of light. Below we will
conform to our previous notations in natural units, with c = 1.
• Neutrinos
The computation, at this stage, follows rather closely the approach of the previous sections,
giving for the averaged squared matrix element in the neutrino case
|iSfi|2 = κ
2
16V 2E1E2
2piδ(q0)T
1
2
tr
[
p/2V
µν(p1, p2)p/1V
ρσ(p1, p2)
]
hµν(~q )hρσ(~q ), (5.121)
with T being the time of the transition, and the differential cross section
dσ =
dW
T
=
|Sfi|2
jiT
dnf . (5.122)
We have denoted with dnf the density of final states in the transition amplitude, and with
ji the incoming flux density. After integration over the final states, and using |~p1| = |~p2|, we
obtain the expression
dσ
dΩ
∣∣∣∣(0)
2PN
=
κ2
16pi2
E4 cos2
θ
2
Fg(q)
2, (5.123)
where we have introduced the gravitational form factor of the external source
Fg(q) ≡
(
h0(~q )− h1(~q )
)
. (5.124)
Notice the complete analogy between the corrections coming from a distributed source charge,
for a potential scattering in quantum mechanics, and the gravity case. In the evaluation of
Fg in momentum space we are forced to introduce a cutoff Λ, being the Fourier transforms of
the cubic contributions in Φ divergent. The singularity is generated by the integration around
the region of r ∼ 0 in the Fourier transform of the potential. The relevant integrals in this
case are given by
In =
∫
d3~x
1
|~x|n e
i~q·~x (5.125)
with
I1 =
4pi
~q 2
, I2 =
2pi2
|~q| . (5.126)
and with I3 requiring a regularization with an ultraviolet cutoff in space (Λ)
I3 =
4pi
|~q |
∫ ∞
Λ
dr
sin(|~q |r)
r2
. (5.127)
The choice of Λ is dictated by simple physical considerations. Given the fact that consistency
of the expansion requires that rsq . O(1), it is clear the appropriate choice in the regulator is
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given by the condition that this coincides with the Scwarzschild radius, i.e. Λ ∼ rs. Expressed
in terms of the cutoff, we obtain for the geometric form factors the expressions
h0(~q ) = −2
κ
[
− 4pi|~q |2GM +
2pi2
|~q | (GM)
2 − 3
4
4pi
|~q |
(
sin(Λ|~q |)
Λ
− |~q |Ci(Λ|~q |)
)
(GM)3
]
h1(~q ) = −2
κ
[
4pi
|~q |2GM +
3
4
2pi2
|~q | (GM)
2 +
1
4
4pi
|~q |
(
sin(Λ|~q |)
Λ
− |~q |Ci(Λ|~q |)
)
(GM)3
]
,
(5.128)
where we have indicated with Ci the cosine integral function
Ci(x) =
∫ x
∞
dt
cos t
t
. (5.129)
From the previous equations we obtain the cross section
dσ
dΩ
∣∣∣∣(0)
2PN
=
1
4pi2
E4 cos2
θ
2
[
8pi
|~q |2GM −
pi2
2|~q |(GM)
2 +
4pi
|~q |
(
sin(Λ|~q |)
Λ
− |~q |Ci(Λ|~q |)
)
(GM)3
]2
,
(5.130)
which is valid at Born level and includes the weak field corrections up to the third order in Φ.
In the expression of the cross sections, we use the subscript nPN, with n = 0, 1, 2 to indicate a
n-th order expansion of the metric in the gravitational potential, while the superscripts ((0),
(1) and so on) label the perturbative order in αw. The leading order cross section at order
2PN, for instance, takes the form
dσ
dΩ
∣∣∣∣(0)
2PN
=
dσ
dΩ
∣∣∣∣(0)
0PN
PN2(E, θ), (5.131)
with
PN2(E, θ) ≡
[
1− pi
8
(GM)E sin
θ
2
+
1
2
(GM)2E sin
θ
2
(
1
Λ
sin
(
2 ΛE sin
θ
2
)
− 2E sin θ
2
Ci
(
2 ΛE sin
θ
2
))]2
, (5.132)
where we have factorized the tree level result dσ/dΩ|(0)0PN given in (5.38). The post-Newtonian
form factor PN2(E, θ) induces an energy dependence of the cross section which is unrelated
to the electroweak corrections. The analysis, in fact, can be extended at one loop in the
electroweak theory. In this case, a lengthy computation gives the 2PN result
dσ
dΩ
∣∣∣∣(1)
2PN
=
dσ
dΩ
∣∣∣∣(0)
0PN
[
1 +
4GF
16pi2
√
2
(
f1W (E, θ) + f
1
Z(E, θ)−
1
4
ΣLW −
1
4
ΣLZ
)]
PN2(E, θ),
(5.133)
where we have inserted the one loop expression given in (5.45).
We can obtain an explicit solution of the corresponding semiclassical equation at order 1PN.
Using the expression of the PN function at this order
PN1(E, θ) ≡
[
1− pi
8
(GM)E sin
θ
2
]2
(5.134)
on the right hand side of (5.132) in order to generate the 1PN cross section at Born level, and
solving the corresponding semiclassical equation (5.47) we obtain
b2
∣∣(0)
1PN
= 4 (GM)2
(
− 1 + csc2 α
2
+ 2 ln sin
α
2
)
+ E (GM)3pi
(
4 + (cosα− 3) csc α
2
)
− 1
32
E2(GM)4pi2
(
1 + cosα+ 4 ln sin
α
2
)
. (5.135)
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At this point, we can invert Eq. (5.135) for α(b) obtaining
α|(0)1PN =
2
bh
− pi
2
1
b2h
E (GM)− 1
b3h
(
ln bh
(
2− pi
2
32
E2(GM)2
)
+
2
3
− E (GM)pi
− 3pi
2
64
E2(GM)2
)
+O(b4h) (5.136)
for the tree level post Newtonian one.
For the Reissner-Nordstrom geometry the situation is similar. The post-Newtonian form
factor is then given by
PN(E, θ)|RN =
[
1− pi
8
(GM)
(
1 + 3
Q2
GM2
)
E sin
θ
2
+(GM)2
(
1 +
Q2
GM2
)
E sin
θ
2
(
1
Λ
sin
(
2 ΛE sin
θ
2
)
− 2E sin θ
2
Ci
(
2 ΛE sin
θ
2
))]2
,
(5.137)
and the impact parameter in the 1PN approximation is
b2
∣∣(0)RN
1PN
= 4 (GM)2
(
− 1 + csc2 θ
2
+ 2 ln sin
θ
2
)
+ E (GM)3
(
1 + 3
Q2
GM2
)
pi
(
4 + (cos θ − 3) csc θ
2
)
− 1
32
E2(GM)4
(
1 + 3
Q2
GM2
)2
pi2
(
1 + cos θ + 4 ln sin
θ
2
)
(5.138)
The inversion formula in this case is
α|(0)RN1PN =
2
bh
− pi
2
1
b2h
E (GM)
(
1 + 3
Q2
GM2
)− 1
b3h
(
ln bh
(
2− pi
2
32
E2(GM)2
(
1 + 3
Q2
GM2
)2)
+
2
3
− E (GM)(1 + 3 Q2
GM2
)
pi − 3pi
2
64
E2(GM)2
(
1 + 3
Q2
GM2
)2)
+O(b4h). (5.139)
• Photons
We can extend the analysis presented above for neutrinos to the photon case. Here the cross
section takes the form
dσ
dΩ
∣∣∣∣(0)
γ,2PN
=
κ2
16pi2
E4 cos4
θ
2
Fg(q)
2 (5.140)
and, as in the neutrino case, we have
dσ
dΩ
∣∣∣∣(0)
γ,2PN
=
dσ
dΩ
∣∣∣∣(0)
γ,0PN
PN2(E, θ) (5.141)
where we inserted the tree level cross section for the photon
dσ
dΩ
∣∣∣∣(0)
γ,0PN
= (GM)2 cot4
θ
2
. (5.142)
In the 0PN Newtonian limit, this cross section has been computed in [125], and takes the
form
dσ
dΩ
∣∣∣∣(1)
γ,0PN
=
dσ
dΩ
∣∣∣∣(0)
γ,0PN
1 + 2
∑
fk
N cfkF
3
fk
(E, θ,mfk , Qfk) + F
3
W (E, θ)
 (5.143)
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where
F 3fk(E, θ) =
1
36
αw
pi
Q2fk
E2
(35E2 − 39m2fk csc2 θ/2)
− 1
12
αw
pi
Q2fk
E2
(4E2 − 5m2fk csc2 θ/2)
√
1 +m2fk
csc2 θ/2
E2
log
 1 +
√
1 +m2fk
csc2 θ/2
E2
−1 +
√
1 +m2fk
csc2 θ/2
E2

+
1
16
αw
pi
m2fkQ
2
fk
E4
csc4 θ/2
(
E2 cos θ − E2 +m2fk
)
log2
 1 +
√
1 +m2fk
csc2 θ/2
E2
−1 +
√
1 +m2fk
csc2 θ/2
E2

(5.144)
and
F 3W (E, θ) =−
1
24
αw
pi
1
E2
(125E2 − 39m2W csc2 θ/2)
+
1
8
αw
pi
1
E2
(14E2 − 5m2W csc2 θ/2)
√
1 +m2W
csc2 θ/2
E2
log
 1 +
√
1 +m2W
csc2 θ/2
E2
−1 +
√
1 +m2W
csc2 θ/2
E2

− 1
32
αw
pi
1
E4
(
16E4 − 16E2m2W csc2 θ/2 + 3m4W csc4 θ/2
)
log2
 1 +
√
1 +m2W
csc2 θ/2
E2
−1 +
√
1 +m2W
csc2 θ/2
E2

(5.145)
are the relevant electroweak form factors entering in the computation. In the previous equa-
tions the sum fk is over all Standard Model fermions, with mfk and Qfk their masses and
charges. N cfk is 1 for leptons and 3 for quarks. Proceeding similarly to the neutrino case, the
one loop cross section in the 2PN approximation takes the form
dσ
dΩ
∣∣∣∣(1)
γ,2PN
=
dσ
dΩ
∣∣∣∣(1)
γ,0PN
PN2(E, θ), (5.146)
with PN2 given by (5.132), which can be inserted again in (5.47) and investigated numerically.
Solving at order 1PN the analogous of (5.146), the solution of (5.47) gives
b2
∣∣(0)
γ,1PN
= 2 (GM)2
(
− 1 + 2 csc2 α
2
+ cosα+ 8 ln sin
α
2
)
− 2
3
E (GM)3pi
(
1 + 3 csc
α
2
)(
cos
α
4
− sin α
4
)6
− 1
256
E2(GM)4pi2
(
11 + 12 cosα+ cos 2α+ 32 ln sin
α
2
)
. (5.147)
In the photon case the inversion formulae at orders 0PN and 1PN are given by
α|(0)γ,0PN =
2
bh
− 1
b3h
(
4 ln bh − 1
3
)
− 1
b5h
(
12 ln2 bh + 10 ln bh +
17
20
)
+O(b7h) (5.148)
and
α|(0)γ,1PN =
2
bh
− 1
b2h
pi
2
E (GM)− 1
b3h
(
ln bh
(
4− 1
16
pi2E2(GM)2
)− 1
64
pi2E2(GM)2
− 4
3
pi E (GM)− 1
3
)
+O(b4h) (5.149)
respectively.
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5.10.3 Range of applicability
The structure of the one-loop 2PN result for neutrinos and photons shows the complete
factorization between the quantum corrections and the background-dependent contributions.
While the former are process dependent, the latter are general. Obviously, this result is
not unexpected, and follows rather closely other typical similar cases in potential scattering
in quantum mechanics. An example is the case of an electron scattering off a finite charge
distribution characterized by a geometrical size R, where the finite size corrections are all
contained in a geometric form factor.
We recall that for a Coloumb interaction of the form V (r) = e2/r, the cross section is given
in terms of the pointlike (p) amplitude
f(θ)p = −2me
2
~q 2
(5.150)
with ~q = ~k − ~k′ and |~q| = 2|~k| sin θ/2 being the momentum transfer of the initial (final)
momentum of the electron ~k (~k′) and charge e. The scattering angle is measured with respect
to the z-direction of the incoming electron. The charge of the static source has also been
normalized to e. The corresponding cross section is given by
dσ
dΩp
= |f(θ)p|2 = (2m)
2e4
16k4 sin4 θ/2
, (5.151)
and the modification induced by the size of the charge distribution (ρ(x)) is contained in
F (~q) =
∫
d~xρ(~x)ei~q·~x (5.152)
with
dσ
dΩ
=
dσ
dΩp
|F (q)|2. (5.153)
For a uniform charge density, for instance, the geometrical form factor F (~q), which is the
transform of the charge distribution, introduces a dimensionless variable qR in the cross
section which is absent in the point-like (Coulomb) case, of the form
F (q) = 3
sin(q R)− q R cos(q R)
(q R)3
. (5.154)
The validity of the expression above is for q R . 1, and the presence of the geometrical form
factor is responsible for the fluctuations measured in the cross section as a result of the finite
extension of the charged region.
In the analysis of the nPN corrections in gravity, the situation is clearly analogous, with the
size of the horizon taking the role of the classical charge radius R. For ordinary (macroscopic)
horizons (e.g. of a km size) rs ∼ GM invalidates the perturbative expansion due to the
appearance of the GME parameter in the expression of the post Newtonian factor PN(E, θ),
which is small only if E ∼ 1/GM , a choice which is not relevant for our analysis, since it
applies to particle beams whose energy is in the very far infrared.
By imposing that the cutoff Λ coincides with the Schwarzschild radius (Λ ≡ rs), one can
immediately realize that the post-Newtonian expansion gets organized only in terms of this
parameter (GME). In the regions of strong deflections, which are those that concern our
analysis, we can reasonably assume that y ≡ sin θ/2 ∼ O(1), if we use the GR prediction to
estimate the bending angle. This allows to discuss the convergence of the PN expansion only
in terms of the energy E of the incoming beam and of the size of the horizon. The analogous
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Figure 5.12: Comparison of nPN approximations for α(b) in the photon case with MPBH =
10−16 M and for EGM ≈ 1 (a). In (b) and (c) we show the PN function for different
energies.
of the charge oscillations given by (5.154), in the gravitational case, are then uniquely related
to the post-Newtonian function PN, and hence to the size of the parameter ΛE ∼ rsE which
defines its expansion in powers of the gravitational potential. Assuming a small value of
x ≡ GME, we can indeed rewrite (5.132) via a small-x expansion, obtaining
PN(x, y) = 1− pi
8
xy + x2y2 (1− γE − log x− log 4y) . (5.155)
This expression can be used to investigate the range of applicability of these corrections in
terms of the two factors appearing in x, the energy of the incoming beam and the size of the
horizon of the gravitational source. The requirement that such a parameter be small defines
a unique range of applicability of such corrections in the quantum case.
One possible application of the formalism which renders the PN corrections to the gravita-
tional scattering quite sizable is in the context of primordial black holes [152], which have
found a renewed interest in the current literature [153, 154].
We just mention that primordial black holes (PBHs) have been considered a candidate com-
ponent of dark matter since the 70’s, and conjectured to have formed in the early universe by
the gravitational collapse of large density fluctuations, with their abundances and sizes tightly
constrained by various theoretical arguments. These range from Hawking radiation, which
causes their decay to occur at a faster rate compared to a macroscopic black hole (of solar
mass); bounds from their expected microlensing events; their influence on the CMB, just to
mention a few [155]. For instance, the mechanism of thermal emission by Hawking radiation
sets a significant lower bound on their mass (∼ 5 × 1014g), in order for them to survive up
to the present age of the universe. This bound satisfies also other constraints, such as those
coming from the possible interference of their decay with the formation of light elements at
the nucleosynthesis time. With the launch of the FERMI gamma ray space telescope [134],
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the interest in this kind of component has found new widespread interest. The unprecedented
sensitivity of its detector in the measurement of interferometric patterns generated by high
energy cosmic rays (femtolensing events), such as Gamma Ray Bursts [135], has allowed to
consider new bounds on their abundances [156]. The hypothesis of having PBHs as a dom-
inant component of the dark matter of the universe provides remarkable constrains on their
allowed mass values, except for a mass range 1018kg < MPBH < 10
23kg, where it has been
argued that they can still account for the majority of it. In other mass ranges several analyses
indicate that the PBH fraction of dark matter cannot exceed 1% of the total [155].
PN corrections turn out to be significant for PBH in this mass range, due to the large varia-
tion induced on the PN function by the 1PN and 2PN terms. These may play a considerable
role in a PBH mediated lensing event. We illustrate this behaviour by showing plots of the
post Newtonian behaviour of the relevant expressions for lensing. In Fig. 5.12 (a) we plot the
angular deflection as a function of the impact parameter for the Newtonian 0PN, and relative
post Newtonian corrections. We have considered a primordial black hole with a mass of 10−16
M, which carries a microscopic Schwarzschild radius (300 fm) and chosen E = 1/(GM) = 0.6
MeV for the incoming photon beam. The impact of the corrections on the gravitational cross
section are quite large, as one can easily figure out from panel (b), where we plot the factor
PN as a function of the Schwarzschild radius for these compact massive objects, for bh ∼ 1 fm.
For a more massive primordial black hole, with 200 < bh < 1000, the pattern is quite similar,
as shown in panel (c). In both cases the post-Newtonian corrections appear to be significant,
of the order of 15-20 % and could be included in a more accurate analysis of lensing for these
types of dark matter candidate solutions.
5.11 Conclusions
We have presented a discussion of neutrino lensing at 1-loop in the electroweak theory. In our
approach the gravitational field is a static background, and the propagating matter fields are
obtained by embedding the Standard Model Lagrangian on a curved spacetime, as discussed
in previous works [139, 27]. As in a previous study [125], also in our current case the field
theoretical corrections to the gravitational deflection are in close agreement with the predic-
tions of general relativity. The agreement holds both asymptotically, for very large distances
from the center of the black hole, of the order of 106 horizon sizes (bh), but also quite close
to the photon sphere (∼ 20 bh). In this respect, the similarity of the results for photons and
neutrinos indicates the consistency of the semiclassical approach that we have implemented.
As noticed in [136], the inclusion of the quantum effects causes the appearance of an energy
dependent dispersion of a particle beam, which implies a violation of the classical equivalence
principle.
Various types of lens equations have been formulated in the past using classical GR,
and we have illustrated the modifications induced on their expressions by the We have then
developed a formalism which allows to include the semiclassical results, due to the radiative
effects in the propagation of a photon or a neutrino, in a typical lensing event. We have
considered both the case of a thin lens, which is quadratic in the deflection angle, and the
fully nonlinear case, taking as an example the Virbhadra-Ellis lens equation. Radiative and
post-Newtonian effects induce a dependence of the angle of deflection with the appearance of
extra 1/bn suppressed contributions and of extra logarithms of the impact parameter, that
we have studied numerically for some realistic geometric configurations. In general, radiative
effects are significant only for configurations of the source/lens/observer which involve small
impact parameters in the deflection (bh ∼ 20), and require angular resolutions in the region
of few milliarcseconds. Our results are valid for a Schwarzschild metric, considered both in
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the Newtonian and in the post-Newtonian approximation, but they can be extended to other
metrics as well.
We have also discussed the consistency of the post-Newtonian approach. We have shown that
such corrections can be consistently taken into account in the case of microscopic horizon
sizes, such as primordial black holes. These corrections have been shown to factorize and
be accounted for by a post-Newtonian function. Our analysis can be extended in several
directions, from the case of Kerr-Newman metrics to the study of microlensing and Shapiro
delays, and to dynamical gravity.
Conclusions
The aim of this thesis has been to present some consequences of classical conformal symmetry
in some extensions of the SM, both in the supersymmetric and in the non supersymmetric
cases. In all the cases we have been stressing on the possible physical implications the scenar-
ios that we have investigated. The analysis of Chapter 1 has been centered on general features
of supersymmetric theories, where we have analysed some important aspects of anomaly ac-
tions, proving that the manifestation of a conformal anomaly is in the presence of massless
effective degrees of freedom which interpolate as intermediate states in an anomaly vertex.
We have shown that this universal feature is typical both of chiral and of conformal anomalies.
For a dilatation symmetry, broken by the trace anomaly, the intermediate state is interpreted
as an effective dilaton. Dilatons, axions and dilatinos, interpreted as composite states, are
identified in the UV as anomaly poles of fundamental theories, but their manifestation in the
IR could be related to possible nonlinear realizations of the same theories. More studies are
obviously necessary in order to come up with more conclusive results in regard to the role
played by these degrees of freedom in a low energy context.
In Chapter 2 we have turned to a phenomenological analysis of a dilaton state in the context
of the SM. The study, in this case concerns a fundamental state, on which we have quantified
the impact of the current constraints coming from Higgs searches at the LHC. The bounds
on the conformal scale that we have extracted are not too restrictive, showing that a dilaton
can still be searched for at the LHC and is not excluded.
Chapter 3 and 4 deal with a specific superconformal theory, the TNMSSM, which extends
the NMSSM with one extra triplet and a scalar singlet superfield. We have focused these two
chapters on the Higgs sector of the model, characterising its spectrum and the possible impli-
cations for the discovery of hidden Higgses, predicted by it, at the LHC. Although we have
not much commented upon, we have verified that the model allows a massless supermultiplet,
associated to the superconformal symmetry of the model. Chapter 4 has been entirely dedi-
cated to a study of the pseudoscalar state present in the model, and we have discussed several
constraints on the allowed parameter space coming from recent ATLAS and CMS data.
Finally in Chapter 5, we have been discussing an application of the TVV anomaly vertex to
the gravitational deflection of photons in a Schwarzschild background. This original analysis,
which has been developed as a by-product of previous investigations of conformal anomalies,
shows how a fundamental result derived from the study of specific interactions carries far
reaching implications in astroparticle physics and semiclassical GR. In particular, we have in-
troduced for the first time the notion of a ”radiative lens equation” using an original approach
which we hope can be further study and extended in the future.
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Appendix A
Scalar integrals
One-, two- and three- point functions are denoted respectively as A0, B0 and C0 with
A0(m
2) =
1
ipi2
∫
dnl
1
l2 −m2 ,
B0(p
2
1,m
2
0,m
2
1) =
1
ipi2
∫
dnl
1
(l2 −m20)((l + p1)2 −m21)
,
C0((p+ q)
2, p2, q2,m20,m
2
1,m
2
2) =
1
ipi2
∫
dnl
1
(l2 −m20)((l − p)2 −m21)((l − p− q)2 −m22)
.(A.1)
Moreover, for equal internal masses and for p2 = q2 = 0 we have used the more compact
notation
B0(p
2
1,m
2) ≡ B0(p21,m2,m2) , C0((p+ q)2,m2) ≡ C0((p+ q)2, 0, 0,m2,m2,m2) . (A.2)
In the spacelike region (k2 < 0), using two regulators for the ultraviolet and infrared singular-
ities (n = 4− UV = 4 + IR), where n denotes the spacetime dimensions, the relevant 2-point
functions appearing in the computation are
B0(k
2, 0) =
2
UV
+ 2− log −k
2
µ2
, (A.3)
B0(k
2,m2) =
2
UV
+ 2− log m
2
µ2
+
√
τ(k2,m2) log
√
τ(k2,m2)− 1√
τ(k2,m2) + 1
, (A.4)
with τ(k2,m2) = 1− 4m2/k2, while for k2 null we obtain
B0(0, 0) =
2
UV
+
2
IR
, (A.5)
B0(0,m
2) =
2
UV
− log m
2
µ2
. (A.6)
In the QCD computations we have also used the following finite two-point scalar integrals
D(k2,m2) = B0(k
2,m2)− B0(0,m2) , (A.7)
and we have renormalized all the divergent B0 functions in the MS scheme in which the
1/εUV divergences have been subtracted.
The massless scalar 3-point function, for k2 < 0, is given by
C0(k
2, 0) =
1
k2
[
4
IR
+
2
IR
log
−k2
µ2
+
1
2
log2
−k2
µ2
− pi
2
12
]
, (A.8)
while the massive C0(k
2,m2) is given in Eq. (C.4).
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Appendix B
The 〈TV V 〉 and 〈AV V 〉 vertices in
an ordinary gauge theory
The on-shell expansion of the 〈TV V 〉 correlator in a non-abelian gauge theory is expressed in
terms of just 3 independent form factors [7]
Γµναβ(T ) (p, q) = f1(k
2)φµναβ1 (p, q) + f2(k
2)φµναβ2 (p, q) + f3(k
2)φµναβ3 (p, q) , (B.1)
where the tensor structures are defined by
φµναβ1 (p, q) ≡ tµναβ1 (p, q) = (k2ηµν − kµkν)uαβ(p, q) ,
φµναβ2 (p, q) ≡ tµναβ3 (p, q) + tµναβ5 (p, q)− 4tµναβ7 (p, q) = −2uαβ(p, q)[k2ηµν + 2(pµpν + qµqν)
− 4(pµqν + qµpν)] ,
φµναβ3 (p, q) ≡ tµναβ13 (p, q) = (pµqν + pνqµ)ηαβ + p · q(ηανηβµ + ηαµηβν)− ηµνuαβ(p, q)
− (ηβνpµ + ηβµpν)qα − (ηανqµ + ηαµqν)pβ, (B.2)
with
uαβ(p, q) = ηαβp · q − pβqα . (B.3)
Here k = p+ q is the momentum incoming in the EMT line while pα and qβ are the momenta
outgoing from the two vector currents.
In the on-shell and massless case, for a Dirac fermion (f) in the representation Rf running in
the loops, the form factors are given by
f
(f)
1 (k
2) = −g
2 T (Rf )
18pi2 k2
, f
(f)
2 (k
2) = −g
2 T (Rf )
144pi2 k2
,
f
(f)
3 (k
2) =
g2 T (Rf )
144pi2
{
11 + 12B0(k
2, 0)
}
. (B.4)
Analogous results hold for a conformally coupled complex scalar (s) in the representation Rs
f
(s)
1 (k
2) = −g
2 T (Rs)
72pi2 k2
, f
(s)
2 (k
2) =
g2 T (Rs)
288pi2 k2
,
f
(s)
3 (k
2) =
g2 T (Rs)
288pi2
{
7 + 6B0(k
2, 0)
}
(B.5)
while for a gauge field (A) in the adjoint representation one obtains
f
(A)
1 (k
2) =
11g2 T (A)
72pi2 k2
, f
(A)
2 (k
2) =
g2 T (A)
288pi2 k2
,
f
(A)
3 (k
2) = −g
2 T (A)
8pi2
{
65
36
− B0(0, 0) + 11
6
B0(k
2, 0) + k2 C0(k
2, 0)
}
. (B.6)
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We recall that for an axial anomaly, the usual Rosenberg parameterization in terms of six
form factors (A1, . . . , A6), and the use of the Ward identities and on-shellness conditions on
the vector lines, reduce the anomaly amplitude ∆λµν in the simple form [?]
∆λµν = A6(k
2,m2)kλ[p, q, ν, µ] + (A4(k
2,m2) +A6(k
2,m2))(qνε[p, q, µ, λ]− pµ[p, q, ν, λ])
(B.7)
with k denoting the incoming momentum of the axial-vector line (of Lorentz index λ), and
with p and q denoting the outgoing momenta of the (µ, ν) vector lines. Note that in this case
the transversality condition for the vector currents removes the second combination of form
factors, leaving only a nonzero A6, which is given by
A6(k
2,m2) =
1
2pi2k2
(
1 +
m2
k2
log2
(√
τ(k2,m2) + 1√
τ(k2,m2)− 1
))
k2 < 0 (B.8)
with τ(k2,m2) = 1− 4m2/k2. In the massless limit, the spectral density of this form factor,
for k2 > 0, is proportional to a Dirac δ-function, since the logarithmic term vanishes, and is
accompanied by a sum rule. In any case, the spectral density of the A4 + A6 form factor is
not integrable, and the link between the chiral anomaly and the corresponding pole is again
unique.
Appendix C
Mass deformations and the spectral
densities flow
We start by introducing the spectral density ρ(k2), which is the discontinuity of C0 along the
cut (k2 > 4m2), as
ρ(k2,m2) =
1
2i
DiscC0(k
2,m2) , (C.1)
with
DiscC0(k
2,m2) ≡ C0(k2 + i,m2)− C0(k2 − i,m2). (C.2)
To determine the discontinuity above the two-particle cut we can proceed in two different
ways. We can use the unitarity cutting rules and therefore compute the integral
DiscC0(k
2,m2) =
1
ipi2
∫
d4l
2piiδ+(l
2 −m2)2piiδ+((l − k)2 −m2)
(l − p)2 −m2 + i
=
2pi
ik2
log
(
1 +
√
τ(k2,m2)
1−√τ(k2,m2)
)
θ(k2 − 4m2) , (C.3)
where τ(k2,m2) =
√
1− 4m2/k2. The integral has been computed by sitting in the rest
frame of the off shell line of momentum k. Alternatively, we can exploit directly the analytic
continuation of the explicit expression of the C0(k
2,m2) integral in the various regions. This
is given by
C0(k
2 ± i,m2) =

1
2k2
log2
√
τ(k2,m2)+1√
τ(k2,m2)−1 for k
2 < 0 ,
− 2
k2
arctan2 1√−τ(k2,m2) for 0 < k
2 < 4m2 ,
1
2k2
(
log
1+
√
τ(k2,m2)
1−
√
τ(k2,m2)
∓ i pi
)2
for k2 > 4m2 .
(C.4)
From the two branches encountered with the ±i prescriptions, the discontinuity is then
present only for k2 > 4m2, as expected from unitarity arguments, and the result for the
discontinuity, obtained using the definition in Eq. (C.2), clearly agrees with Eq. (C.3),
computed instead by the cutting rules.
The dispersive representation of C0(k
2,m2) in this case is written as
C0(k
2,m2) =
1
pi
∫ ∞
4m2
ds
ρ(s,m2)
s− k2 , (C.5)
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Figure C.1: Representatives of the family of spectral densities
ρχ(n)
pi (s) plotted versus s in
units of m2. The family ”flows” towards the s = 0 region becoming a δ(s) function as m2
goes to zero.
which, for k2 < 0 gives the identity∫ ∞
4m2
ds
(s− k2)s log
(
1 +
√
τ(s,m2)
1−√τ(s,m2)
)
= − 1
2k2
log2
√
τ(k2,m2) + 1√
τ(k2,m2)− 1 (C.6)
with ρ(s,m2) given by Eqs. (C.1) and (C.3). The identity in Eq. (C.6) allows to reconstruct
the scalar integral C0(k
2,m2) from its dispersive part.
Having determined the spectral function of the scalar integral C0(k
2,m2), we can extract
the spectral density associated with the anomaly form factors in Eqs. (1.63), (1.64), (1.65),
which is given by
χ(k2,m2) ≡ Φ1(k2,m2)/k2, (C.7)
and which can be computed as
Discχ(k2,m2) = χ(k2 + i,m2)− χ(k2 − i,m2) = −Disc
(
1
k2
)
− 2m2Disc
(
C0(k
2,m2)
k2
)
.(C.8)
Using the principal value prescription
1
x± i = P
(
1
x
)
∓ ipiδ(x)  > 0 , (C.9)
we obtain
Disc
(
1
k2
)
= −2ipiδ(k2)
Disc
(
C0(k
2,m2)
k2
)
= P
(
1
k2
)
DiscC0(k
2,m2)− ipiδ(k2)A(0) , (C.10)
where we have defined
A(k2) ≡ C0(k2 + i,m2) + C0(k2 − i,m2), (C.11)
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and
A(0) = lim
k2→0
A(k2) = − 1
m2
. (C.12)
This gives, together with the discontinuity of C0(k
2,m2) which we have computed previously
in Eq. (C.3),
Disc
(
C0(k
2,m2)
k2
)
= −2i pi
(k2)2
log
1 +
√
τ(k2,m2)
1−√τ(k2,m2)θ(k2 − 4m2) + i pim2 δ(k2). (C.13)
The discontinuity of the anomalous form factor χ(k2,m2) is then given by
Discχ(k2,m2) = 4ipi
m2
(k2)2
log
1 +
√
τ(k2,m2)
1−√τ(k2,m2)θ(k2 − 4m2). (C.14)
The total discontinuity of χ(k2,m2), as seen from the result above, is characterized just by
a single cut for k2 > 4m2, since the δ(k2) (massless resonance) contributions cancel between
the first and the second term of Eq. (C.8). This result proves the decoupling of the anomaly
pole at k2 = 0 in the massive case due to the disappearance of the resonant state.
The function describing the anomaly form factor, χ(k2,m2), then admits a dispersive repre-
sentation over a single branch cut
χ(k2,m2) =
1
pi
∫ ∞
4m2
ρχ(s,m
2)
s− k2 ds (C.15)
corresponding to the ordinary threshold at k2 = 4m2, with
ρχ(s,m
2) =
1
2i
Discχ(s,m2) =
2pim2
s2
log
(
1 +
√
τ(s,m2)
1−√τ(s,m2)
)
θ(s− 4m2). (C.16)
From the spectral function given above and from the corresponding integral representation
one can extract a new nontrivial integral relation∫ ∞
4m2
1
s2(s− k2) log
(
1 +
√
τ(s,m2)
1−√τ(s,m2)
)
ds = − 1
2k2m2
− 1
2(k2)2
log2
√
τ(k2,m2) + 1√
τ(k2,m2)− 1 , (C.17)
which is the analogue of Eq. (C.6).
As we have anticipated above, a crucial feature of these spectral densities is the existence
of a sum rule. In this case it is given by
1
pi
∫ ∞
4m2
dsρχ(s,m
2) = 1. (C.18)
At this point, to show the convergence of the family of spectral densities to a resonant be-
haviour, it is convenient to extract a discrete sequence of functions, parameterized by an
integer n
ρ(n)χ (s) ≡ ρχ(s,m2n) with m2n =
4m2
n
. (C.19)
One can show that this sequence {ρ(n)χ } converges to a Dirac delta function δ(s) as n → ∞,
which can be written as
lim
m→0
ρχ(s,m
2) = lim
m→0
2pim2
s2
log
(
1 +
√
τ(s,m2)
1−√τ(s,m2)
)
θ(s− 4m2) = piδ(s) (C.20)
in a distributional sense.
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(a)
Figure C.2: 3-D Plot of the spectral density ρχ in the variables s and m
2.
C.1 The analytic structure of Φ2
Here we discuss the spectral representation of the second of the form factors appearing in the
same ΓT and ΓS correlators, which is proportional to the renormalized function Φ2
Φ2(k
2,m2) = 1− B0(0,m2) + B0(k2,m2) + 2m2C0(k2,m2) (C.21)
and, as we have already shown, needs the subtraction of the UV singularities.
Clearly, in this case, Φ2 does not admit a dispersive representation, due to its logarithmic
divergence at large k2, and, as we are going to show, it is characterized just by an ordinary
cut for k2 > 4m2. We briefly illustrate this point.
As for C0(k
2,m2) also in this case we give the three branches of B0(k
2,m2) in the k2 <
0, 0 < k2 < 4m2 and k2 > 4m2 regions
B0(k
2 ± i,m2) =

2
UV
+ 2− log m2
µ2
+
√
τ(k2,m2) log
√
τ(k2,m2)−1√
τ(k2,m2)+1
for k2 < 0 ,
2
UV
+ 2− log m2
µ2
− 2√−τ(k2,m2) arctan 1√−τ(k2,m2) for 0 < k2 < 4m2 ,
2
UV
+ 2− log m2
µ2
−√τ(k2,m2)(log 1+√τ(k2,m2)
1−
√
τ(k2,m2)
∓ ipi
)
for k2 > 4m2 .
(C.22)
The discontinuity of the two-point scalar integral B0(k
2,m2) is then easily computed and it
is given by
DiscB0(k
2,m2) = B0(k
2 + i,m2)− B0(k2 − i,m2) = 2ipi
√
τ(k2,m2) θ(k2 − 4m2) . (C.23)
From the previous equation and from Eq. (C.3) we extract the discontinuity of Φ2 which
reads as
Disc Φ2(k
2,m2) = 2ipi
(√
τ(k2,m2)− 2m
2
k2
log
1 +
√
τ(k2,m2)
1−√τ(k2,m2)
)
θ(k2 − 4m2). (C.24)
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Figure C.3: Spectral density flow of
ρΦ2
pi (s,m
2) versus s. As m2 decreases they turn to a unit
step function θ(s).
This shows that both Φ1/k
2 and Φ2 are characterized by a single 2-particle cut for a nonzero
mass deformation. It is important to observe that the spectral density of Φ2 tends to a uniform
distribution
lim
m→0
ρΦ2(k
2,m2) = pi (C.25)
in the massless limit. It is obvious, from this analysis, that the spectral density ρΦ2 of
Φ2, which characterizes all the non anomalous form factors of the correlators that we have
investigated, does not satisfy an unsubtracted dispersion relation. There is however a sort of
duality between the spectral densities of the two form factors, since while ρχ becomes more
and more localized at k2 = 0 as m → 0, the opposite is true for the spectral density of the
non anomallous form factor ρΦ2 , as clear from Fig. C.3. In this case, as m goes to zero, the
flow singles out - in the form factor which is relevant for the anomaly - a single massless state,
while the opposite is true for ρΦ2 .
Appendix D
Constraining the flow: scaling
behaviour and sum rules
For k2 approaching zero we have
Φ1(k
2,m2) ∼ 1
12
k2
m2
+O(k4/m4) , Φ2(k
2,m2) ∼ 1
12
k2
m2
+O(k4/m4) , (D.1)
while for a large and negative k2 we find
Φ1(k
2,m2) ∼ −1− m
2
k2
log2
−k2
m2
+O(m4/k4) ,
Φ2(k
2,m2) ∼ 3− log −k
2
m2
+
m2
k2
(
2 + 2 log
−k2
m2
+ log2
−k2
m2
)
+O(m4/k4) . (D.2)
The anomaly form factor χ = Φ1/k
2 satisfies the relation under rescaling with a constant λ
χ(λk2, λm2) =
1
λ
χ(k2,m2) (D.3)
being a homogeneous function. A similar property of homogeneity holds for the spectral
density itself
ρχ(λs, λm
2) =
1
λ
ρχ(s,m
2), (D.4)
which under a partial rescaling, involving only the mass parameter m, with m2 → m2/λ and
λ large (which is the same as m→ 0) has the resonant behaviour
lim
λ→∞
ρχ(s,
m2
λ
) = piδ(s). (D.5)
At this point, using Eq. (D.4) a large rescaling of the invariant mass s gives
ρχ(λs,m
2) =
1
λ
ρχ(s,
m2
λ
) ∼ pi
λ
δ(s) = piδ(λs), (D.6)
showing that the asymptotic behaviour of ρχ under a rescaling of s with λ identifies its support
on the s = 0 region. Notice that Eq. (D.6) should be interpreted as a light-cone dominance
(s→ 0) of the asymptotic limit of the correlator as λ goes to infinity.
One has the constraint
k2
∂χ(k2,m2)
∂k2
+m2
∂χ(k2,m2)
∂m2
+ χ(k2,m2) = 0. (D.7)
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Similar conditions are satisfied by the related spectral density (ρχ)
s
∂ρχ
∂s
+m2
∂ρχ
∂m2
+ ρχ = 0. (D.8)
The combination of scaling behaviour and of the sum rule, together with the vanishing of
ρχ(s,m
2) at the threshold (i.e. at s = 4m2), induces further constraints on its functional
form, for instance
1
pi
∫ ∞
4m2
∂ρχ(s,m
2)
∂s
ds = 0,
1
pi
∫ ∞
4m2
∂ρχ(s,m
2)
∂m2
ds = 0,
1
pi
∫ ∞
4m2
s
∂ρχ(s,m
2)
∂s
ds = −f.
(D.9)
In the previous equation, and in the following ones, f is a nonzero constant which normalizes
the sum rule of the spectral density. For ρχ introduced in the previous section f = 1.
Eq. (D.9) can be generalized to give an infinite set of ordinary and superconvergent sum rules
1
pi
∫ ∞
4m2
ds (s− 4m2)n∂
nρχ
∂sn
= (−1)nn!f, n ≥ 1
1
pi
∫ ∞
4m2
ds (s− 4m2)n∂
n+1ρχ
∂sn+1
= 0. (D.10)
Additional constraints come from the scaling relation expanded to second order,
s2
∂2ρχ
∂s2
+m4
∂2ρχ
∂(m2)2
+ 2sm2
∂2ρχ
∂s ∂m2
= 2pi f. (D.11)
Using the information that the density has only a branch cut for nonzero m, integrating over
the cut Eq. (D.11) we get
m4
∫ ∞
4m2
ds
∂2ρχ
∂(m2)2
= −2m2
∫ ∞
4m2
ds s
∂2ρχ
∂s ∂m2
. (D.12)
At this point, the sign of the dispersive integrals above can be determined by exploiting the
derivative form of the sum rule
1
pi
∫ ∞
4m2
dss
∂ρχ
∂s
= −f, (D.13)
which is satisfied because of the convergence condition of the integral of ρχ. Differentiated
respect to m2 the sum rule above gives∫ ∞
4m2
ds
∂2ρχ
∂s ∂m2
= 16m2
∂ρχ
∂s
∣∣∣∣
s=4m2
, (D.14)
which relates the integral of the mixed derivatives to the spectral density at the threshold.
Notice that as m goes to zero, the density is saturated by the pole behaviour, and it is then
clear that it implies the local positivity relation
∂2ρχ
∂s ∂m2
> 0 m ∼ 0, (D.15)
being the integral dominated just by the region around the threshold s ∼ 4m2. Clearly this
implies that ∫ ∞
4m2
ds
∂2ρχ
∂(m2)2
< 0, (D.16)
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having used Eq. (D.12). Also in this case, in the m→ 0 limit, the inequality becomes a local
condition
∂2ρχ
∂(m2)2
< 0 which has to be satisfied by the flow. For this purpose we define the
contributions of each field to the β function of a theory at 1-loop, which for a Dirac fermion
and a complex scalar in the representation Rf and Rs respectively, and for a spin 1 in the
adjoint are
β(g) =
∑
n
g3
16pi2
c(n), (D.17)
with
c(D) =
4
3
T (Rf ) c
(A) = −11
3
T (A) c(φ) =
1
3
T (Rs) (D.18)
with T (Rf ), T (A), T (Rs) being the Dynkin indices of the respective representations. Real
scalars and Weyl fermions contribute with an additional factor of 1/2 respect to complex
scalars and Dirac fermions. We recall that in a SU(N) N = 1 theory, the vector multiplet
contributes with −11/3T (A) and 2/3T (A) for the gauge field and the gaugino respectively,
while the chiral supermultiplet gives 2/3T (R) and 1/3T (R) for the Weyl fermion and the
complex scalar.
We use the notation
ρ(s, {m2n}) =
∑
n
c(n)ρχ(s,m
2
n) (D.19)
to refer to the total spectral density of a certain theory, with intermediate thresholds at
increasing mass values {m2n} ≡ (m21,m22, . . . ,m2I) with (m1 < m2 < . . . < mI), where I counts
the total number of degrees of freedom. The corresponding anomaly form factor will be given
by
F (Q2, {m2n}) =
−2
3g
g3
16pi2
∑
n
c(n)
1
pi
∫ ∞
4m2n
ds
ρχ(s,m
2
n)
s+Q2
. (D.20)
Notice that if Q2  4m2n, for a certain mass threshold n, then we can set Q2 = 4m2nλ, with
1/λ = 4m2n/Q
2  1. Due to scaling, the nth threshold will then contribute to the total form
factor with the amount
Fn(Q
2,m2n) =
−2
3g
g3
16pi2
c(n)
1
pi
∫ ∞
4m2n/λ
ds
ρχ(s,m
2
n/λ)
s+ 4m2λ
, (D.21)
which in the 1/λ 1 limit will give
Fn(Q
2,m2n) ∼
−2
3g
g3
16pi2
c(n)
∫ ∞
0
ds
δ(s)
λ(s+ 4m2n)
=
−2
3g
β(n)(g)
1
Q2
. (D.22)
Eq. (D.22) reduces to the anomaly pole contribution times the contribution of the state (n)
to the expression of the total β function. As Q2 grows larger than any intermediate scale, the
total spectral density ρ in the dispersive integral is asymptotically given by the expression
ρ(s, {m2n}) ∼
∑
n
c(n)δ(s) =
16pi2
g3
β(g)piδ(s) , (D.23)
where we have used Eq. (D.5). Notice that ρ(s, {m2n}) satisfies a total sum rule to which
contribute all the intermediate thresholds for 0 < s <∞
1
pi
∫ ∞
0
ds ρ(s, {m2n}) =
∑
n
c(n)
1
pi
∫ ∞
4m2n
ds ρχ(s,m
2
n) =
16pi2
g3
β(g) (D.24)
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In supersymmetric theories this function is the only one which developes a resonant behaviour
at the conformal point and satisfies a sum rule, as we have pointed out. The sum of the
densities stripped of the gauge factors, integrated over the thresholds
1
pi
∑
n
∫ ∞
4m2n
ds ρχ(s,m
2
n) = I (D.25)
simply count the number of degrees of freedom (I).
Notice that the analysis of this section related to Eqs. (D.7-D.16) remains valid also for any
form factor which is characterized by a finite (non superconvergent) sum rule. The asymptotic
analysis discussed in Eqs. (D.20-D.25), can be also easily extended to cases unrelated to the
anomaly, with coefficients c(n) replaced by some new coefficients, not related to the β function.
Appendix E
RG equations
We list the RG equations at one-loop for the dimensionless coupling λT,S,TS , κ, gY , gL, gc, yt,b.
Here t = ln µµ0 , where µ is the running scale and µ0 is the initial scale.
g′Y (t) =
33
80pi2
g3y(t), (E.1)
g′L(t) =
3
16pi2
g3w(t), (E.2)
g′c(t) = −
3
16pi2
g3c (t) (E.3)
y′t(t) =
1
16pi2
(
3y3t (t) + y
2
b (t)yt(t) (E.4)
+
(
− 13
15
g2Y (t)− 3g2L(t)−
16g2c (t)
3
+
3λ2T (t)
2
+ λ2S(t) + 3y
2
t (t)
)
yt(t)
)
,
y′b(t) =
1
16pi2
(
3y3t (t) + y
2
t (t)yb(t) (E.5)
+
(
− 13
15
g2Y (t)− 3g2L(t)−
16g2c (t)
3
+
3λ2T (t)
2
+ λ2S(t) + 3y
2
b (t)
)
yb(t)
)
,
λ′S(t) =
1
16pi2
(
4λ3S(t)−
3
5
g2Y (t)λS(t)− 3g2L(t)λS(t) (E.6)
+ 3λ2T (t)λS(t) + 6λ
2
TS(t)λS(t) + 2κ
2(t)λS(t) + 3
(
y2t (t) + y
2
b (t)
)
λS(t)
)
,
λ′T (t) =
1
16pi2
(
4λ3T (t)−
3
5
g2Y (t)λT (t)− 7g2L(t)λT (t) (E.7)
+ 4λ2TS(t)λT (t) + 2λ
2
S(t)λT (t) + 3
(
y2t (t) + y
2
b (t)
)
λT (t)
)
,
κ′(t) =
1
8pi2
3κ(t)
(
3λ2TS(t) + κ
2(t) + λ2S(t)
)
, (E.8)
λ′TS(t) =
1
8pi2
λTS(t)
(
− 4g2L(t) + λ2T (t) + 7λ2TS(t) + κ2(t) + λ2S(t)
)
.
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Appendix F
Mass matrices of the Higgs sector
The symmetric mass matrices of the Higgs sector are given by
MS =

mS11 m
S
12 m
S
13 m
S
14
mS22 m
S
23 m
S
24
mS33 m
S
34
mS44
 , (F.1)
where
mS11 =
1
4vu
(
2vd
(√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
))
+ v3u
(
g2L + g
2
Y
))
mS12 =
1
2
(
−
√
2ASvS + vT
(
AT +
√
2vSλTλTS
)
− λS
(
κv2S + v
2
TλTS
) )− 1
4
vdvu
(
g2L + g
2
Y − 2
(
2λ2S + λ
2
T
))
mS13 = −ASvT√
2
+ vd
(
λT vTλTS√
2
− κλSvS
)
+
1
2
vuλS
(
2λSvS −
√
2λT vT
)
mS14 =
1
2
(
vd (AT − 2λSvTλTS) +
√
2vSλT (vdλTS − vuλS) + vuλ2T vT
)
mS22 =
1
4vd
(
2vu
(√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
) )
+ v3d
(
g2L + g
2
Y
) )
mS23 = −ASvu√
2
+
1
2
vdλS
(
2λSvS −
√
2λT vT
)
+ vu
(
λT vTλTS√
2
− κλSvS
)
mS24 =
1
2
(
vu (AT − 2λSvTλTS) +
√
2vSλT (vuλTS − vdλS) + vdλ2T vT
)
mS33 =
1
4vS
(√
2vT
(
λT
(
λS
(
v2d + v
2
u
)− 2vdvuλTS)− 2ATSvT )+ 2√2ASvdvu + 2√2Aκv2S + 8κ2v3S)
mS34 =
1
4
(
4
√
2ATSvT −
√
2λSλT
(
v2d + v
2
u
)
+ 2λTS
(√
2vdvuλT + 4vSvT (κ+ 2λTS)
))
mS44 =
1
4vT
(
− 2vdvu
(
AT +
√
2vSλTλTS
)
+
√
2v2dλSvSλT +
√
2v2uλSvSλT + 8v
3
Tλ
2
TS
)
MP =

mP11 m
P
12 m
P
13 m
P
14
mP22 m
P
23 m
P
24
mP33 m
P
34
mP44
 , (F.2)
with
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mP11 =
vd
2vu
((√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
)))
mP12 =
1
2
(√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
))
mP13 =
1
2
vd
(√
2AS − 2κλSvS +
√
2λT vTλTS
)
mP14 = −1
2
vd
(
AT + λTS
(
2λSvT −
√
2vSλT
))
mP22 =
vu
2vd
((√
2ASvS − vT
(
AT +
√
2vSλTλTS
)
+ λS
(
κv2S + v
2
TλTS
)))
mP23 =
1
2
vu
(√
2AS − 2κλSvS +
√
2λT vTλTS
)
mP24 = −1
2
vu
(
AT + λTS
(
2λSvT −
√
2vSλT
))
mP33 =
vT
4vS
((√
2λT
(
λS
(
v2d + v
2
u
)− 2vdvuλTS)− 2vT (√2ATS + 4κvSλTS))+ 2√2ASvdvu − 6√2Aκv2S
+ 8κvdvuλSvS
)
mP34 =
1
4
(
−4
√
2ATSvT −
√
2λT
(
λS
(
v2d + v
2
u
)
+ 2vdvuλTS
)
+ 8κvSvTλTS
)
mP44 =
−2vdvu
4vT
((
AT + λTS
(√
2vSλT − 4λSvT
))
+ vS
(√
2v2dλSλT − 8vT
(√
2ATS + κvSλTS
))
+
√
2v2uλSvSλT
)
MC =

mC11 m
C
12 m
C
13 m
C
14
mC22 m
C
23 m
C
24
mC33 m
C
34
mC44
 , (F.3)
where
mC11 =
1
4
(
2
(√
2vS (AS cotβ + λT vT (2λS − cotβλTS)) + cotβvT (λSvTλTS −AT ) + κ cotβλSv2S
)
+ cos2 β v2
(
g2L − 2λ2S + λ2T
) )
mC12 =
1
4
v
(
λT
(
2vS (sinβλS − 2 cosβλTS) +
√
2 sinβλT vT
)
−
√
2 sinβg2LvT
)
mC13 =
1
4
(
2
(
vT
(
AT + λTS
(
λSvT +
√
2vSλT
))
+
√
2ASvS + κλSv
2
S
)
+ sinβ cosβv2
(
g2L − 2λ2S + λ2T
) )
mC14 =
v
4
(
sinβ
(√
2vT
(
g2L − λ2T
)
+ 2λSvSλT
)
− 2
√
2AT cosβ
)
mC22 =
1
4vT
(
vT
(
v2
(
cos(2β)
(
g2L − λ2T
)
+ 2 sin(2β)λSλTS
)− 4vS (√2ATS + κvSλTS))−AT sin(2β)v2
+ 2v3T
(
g2L − 2λ2TS
)
+
√
2v2vSλT (λS − sin(2β)λTS)
)
mC23 =
v
4
(
2
√
2AT sinβ + cosβ
(√
2vT
(
λ2T − g2L
)− 2λSvSλT))
mC24 =
√
2ATSvS − 1
2
g2Lv
2
T + λTS
(
κv2S + v
2
TλTS − sinβ cosβv2λS
)
mC33 =
1
4
(
2
(√
2vS (AS tanβ + λtvT (2λS − tanβλTS)) + tanβvT (λSvTλTS −AT ) + κ tanβλSv2S
)
+ sin2 βg2Lv
2 + sin2 βv2
(
λ2T − 2λ2S
) )
mC34 =
v
4
(
cosβ
(√
2vT
(
g2L − λ2T
)− 2λSvSλT)+ 4 sinβvSλTλTS)
mC44 =
1
4vT
(
vT
(
v2
(
cos(2β)
(
λ2T − g2L
)
+ 2 sin(2β)λSλTS
)− 4vS (√2ATS + κvSλTS))−AT sin(2β)v2
+ 2v3T
(
g2L − 2λ2TS
)
+
√
2v2vSλT (λS − sin(2β)λTS)
)
As already explained, the massive eigenvectors of the charged mass matrix are function of all
the parameters of the model, including the parameters that are related to the singlet, e.g. vS ,
175
λS , κ, whereas the Goldstone eigenvector is a function of the doublets and triplet vev only.
This is also true for for the eigenvectors of the pseudoscalar mass matrix. In this case the
Goldstone eigenvector is a function of the doublets vev only.
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